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Abstract In a horizontal convection (HC) system heat is supplied and removed exclusively through a
single, top, or bottom, surface of a fluid layer. It is commonly agreed that in the studied Rayleigh number
(Ra) range, the convective heat transport, measured by the Nusselt number, follows the Rossby (1965)
scaling, which is based on the assumptions that the HC flows are laminar and determined by their boundary
layers. However, the universality of this scaling is questionable, as these flows are observed to become more
turbulent with increasing Ra. Here we propose a theoretical model for heat and momentum transport
scalings with Ra, which is based on the Grossmann and Lohse (2000) ideas, applied to HC flows. The
obtained multiple scaling regimes include in particular the Rossby scaling and the ultimate scaling by
Siggers et al. (2004). Our results have bearing on the understanding of the convective processes in many
geophysical systems and engineering applications.

Among other mechanisms of the large-scale ocean circulation, including atmospheric pressure, Coriolis force,
and shoreline configuration, seawater density inhomogeneity plays an important role [Cushman-Roisin and
Beckers, 2011]. The density gradients, which are routed in differences of the temperature and salinity dis-
tributions, influence the global thermohaline circulation of the ocean [Whitehead, 1995]. One of the most
important features of heat and mass transport of the ocean is that heat is supplied to and removed from the
ocean predominantly through its upper surface, where the ocean contacts the atmosphere [Rossby, 1965].
Apart from the ocean convection, such flow configurations are relevant in many other geophysical systems,
in planetary atmospheres, like in the atmosphere of Venus [Houghton, 1977; Scotti and White, 2011], and also
in process engineering, as, for example, in glass-melting furnaces [Chiu-Webster et al., 2008].

Horizontal convection (HC) [Stern, 1975; Hughes and Griffiths, 2008; Griffiths et al., 2013] may serve as a paradigm
system for the development of the quantitative scaling theory for heat and momentum transport in the
above flow configurations, as it captures their most relevant features. In a HC system heat is supplied and
removed exclusively through the bottom of a horizontal fluid layer, while the other boundaries are adiabatic
(see Figure 1 for the HC setup scheme and nomenclature). Once the scaling theory for HC flows has been
developed, it can be further extended to the cases of stratified flows and more realistic geometries and fluid
properties.

In his seminal work Rossby [1965] studied HC for Prandtl numbers Pr≡𝜈∕𝜅 between 10 and 104 and Rayleigh
numbers Ra≡ 𝛼gΔL3∕(𝜅𝜈) between 107 and 1010. Here 𝜈 denotes the kinematic viscosity, 𝜅 is the thermal
diffusivity, 𝛼 is the isobaric thermal expansion coefficient of the fluid, g is the acceleration due to gravity,
L is the length of the cell, and Δ≡ (T+ − T−) where T+ is the temperature of the heated part of the bottom and
T− is the temperature of the cooled part of the bottom. Rossby [1965] found the scaling of the mean heat flux,
measured by the dimensionless Nusselt number Nu ≡ −⟨𝜕T∕𝜕z⟩+∕(Δ∕L) = ⟨𝜕T∕𝜕z⟩−∕(Δ∕L), as Nu ∝ Ra𝛽

with the scaling exponent 𝛽 = 1∕5. This is nowadays referred as Rossby scaling. Here z is the vertical coordi-
nate, T is the temperature, and ⟨⋅⟩+ and ⟨⋅⟩− denote the averaging in time and over the heated and cooled
halves of the bottom.

The Rossby scaling is based on the assumptions that the HC flows are laminar and determined by their bound-
ary layers (BLs). This scaling is supported by several numerical simulations [e.g., by Chiu-Webster et al., 2008;
Gayen et al., 2014, 2012; Mullarney et al., 2004; Rossby, 1998] and laboratory experiments [e.g., by Griffiths et al.,
2013; Hughes et al., 2007; Mullarney et al., 2004; Wang and Huang, 2005]. Nevertheless, such a universality in
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Figure 1. Scheme of a HC setup. The right half of the bottom plate is heated, T =T+, while the left half is cooled, T =T− < T+ . The top and side walls are adiabatic,
𝜕T∕𝜕n = 0. The location of the clustered thermal plumes activity up to the height z = l and the direction of the large-scale flow for high Ra are sketched with
the arrows.

the scaling seems to be very questionable, since the HC flows are observed to become more turbulent with
increasing Ra, as it has been shown by Mullarney et al. [2004]; Paparella and Young [2002]; Scotti and White
[2011]; Sheard and King [2011]; Wang and Huang [2005]. Thus, Siggers et al. [2004] showed with variational anal-
ysis that the upper bound of the scaling exponent 𝛽 in HC equals 1∕3, and this allows scalings different from
that by Rossby. The theoretical result by Siggers et al. [2004] is also consistent with the estimate by Winters
and Young [2009] for the upper bound of the mean thermal dissipation rate in HC. We refer the regime with
the upper bound limiting scaling Nu ∝ Ra1∕3 as the ultimate regime. To date, neither simulations nor exper-
iments have reported such ultimate scaling. We attribute this to the very limited Ra range of the conducted
numerical and experimental investigations.

In the well-investigated Rayleigh-Bénard convection (RBC) [see, e.g., Ahlers et al., 2009, 2012; Chillà and
Schumacher, 2012; Lohse and Xia, 2010; Castaing et al., 1989; Grossmann and Lohse, 2000, 2011; Siggia, 1994;
Shishkina et al., 2015] the situation is quantitatively different but qualitatively similar. In RBC the temperature
T+ is imposed at the whole bottom, the top temperature is set to T−, and the reference distance L is the height
of the cell. In contrast to RBC, the flow structure in HC is strongly asymmetrical, being more unstable along
the heated part of the bottom and close to the vertical wall (right side in Figure 1). Further, as we show below,
the exponent 𝛽 in the limiting scalings Nu∝ Ra𝛽 behaves differently, being in HC 𝛽= 1∕5 in the laminar
Rossby [1965] scaling and at most 𝛽=1∕3 in the ultimate regime predicted by Siggers et al. [2004], while in RBC
𝛽=1∕4 in the laminar case (found in experiments by Davis [1922]), 𝛽=1∕3 in the Malkus [1954] regime and
𝛽=1∕2 in the ultimate Kraichnan [1962] regime [see also Doering et al., 2006]. In particular, there exist extended
transitional ranges connecting the various regimes in RBC [see, e.g., He et al., 2012] with intermediate effective
scaling exponents [Ahlers et al., 2009]. Grossmann and Lohse [2000, 2001, 2002, 2004, 2011] developed a theory
(GL) for the effective scaling of the Nusselt number Nu and Reynolds number Re with Ra, which shows that
there is no universal exponent 𝛽 in the scaling law Nu ∝ Ra𝛽 . A simplified schematic sketch of the resulting
various regimes is shown in Figure 2a. (The full phase diagram with the five prefactors of the theory properly
adopted to experimental data is shown in Figure 1 of Stevens et al. [2013].) Applying their ideas to the case of
HC, we should be able to predict all possible limiting Nu versus Ra scaling regimes also in HC.

We consider the following governing equations in a Cartesian coordinate system (x, y, z), for HC in Boussinesq
approximation: ∇ ⋅ u=0 and

𝜕u∕𝜕t + u ⋅ ∇u + ∇p = 𝜈∇2u + 𝛼g𝜃ez, (1)

𝜕𝜃∕𝜕t + u ⋅ ∇𝜃 = 𝜅∇2𝜃, (2)

where u ≡ (ux , uy , uz) is the velocity vector function, 𝜃 is the reduced temperature, 𝜃 ≡ T − 0.5(T+ + T−), p is
the kinetic pressure, and ez ≡ (0, 0, 1)T . On the domain boundaries, u=0; at the top and side walls, 𝜕𝜃∕𝜕n=0;
𝜃 = Δ∕2 on S+, and 𝜃 = −Δ∕2 on S−. Here n is the unit normal vector; S+ and S− are, respectively, the right
and left halves of the bottom S = S+ ∪ S−.
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Figure 2. Schematic sketch of the phase diagram in (Ra, Pr) plane of main possible regimes in the scaling Nu ∼ Ra𝛽 in (a) horizontal convection as suggested
here and (b) Rayleigh-Bénard convection [Grossmann and Lohse, 2000, 2001, 2002, 2004, 2011]. The scaling exponent 𝛽 for each regime is given in a magenta
box. The boundaries between neighbor regimes, Pr ∼ Ra𝛾 , are determined by matching Nu in these regimes; the exponent 𝛾 is written close to each
corresponding boundary. Dash lines denote the boundaries between the laminar and turbulent viscous BLs. Only slopes of the regime boundaries are relevant in
these diagrams, not their exact locations. For the full phase diagram for the RB case as it results from the adoption of the five prefactors of the theory to
experimental data we refer to Figure 1 of Stevens et al. [2013].

Averaging in time (denoted by the bar) of (2) yields

∇ ⋅ F = 0, Fi ≡
ui𝜃 − 𝜅𝜕𝜃∕𝜕xi

𝜅Δ∕L
, i = x, y, z. (3)

Integration of (3) in the whole HC cell V gives ⟨Fz⟩z=0
= 0, which in the case |S+| = |S−| means ⟨Fz⟩− = −⟨Fz⟩+.

Here ⟨⋅⟩+, ⟨⋅⟩−, and ⟨⋅⟩z denote averaging in time and over S+, S− and a horizontal cross section at the height z,
respectively. Integration of (3) in S×[0, z] leads to a conclusion that the mean vertical heat flux at any height z
equals zero: ⟨Fz⟩z =0. Averaging of ⟨uz𝜃⟩z =𝜅⟨𝜕𝜃∕𝜕z⟩z over z ∈ [0,H] and taking into account ⟨𝜃⟩z=0 =0 yield
[Paparella and Young, 2002]:

⟨uz𝜃⟩V = 𝜅(⟨𝜃⟩z=H − ⟨𝜃⟩z=0)∕H ≤ 𝜅Δ∕(2H). (4)

Here ⟨⋅⟩V denotes the time and volume average.

In thermal convection the Nu and Re scalings versus Ra, Pr are determined by the fundamental quantities of
the kinetic dissipation rate 𝜖u ≡ 𝜈

∑
i(∇ui)2 and thermal dissipation rate 𝜖𝜃 ≡ 𝜅(∇𝜃)2; see Grossmann and

Lohse [2000]. Multiplying (2) by 𝜃 and integrating in time and V yields

⟨𝜖𝜃⟩V = −𝜅

H
⟨𝜃 𝜕𝜃

𝜕z
⟩z=0 = −𝜅Δ

2H
⟨𝜕𝜃
𝜕z

⟩+ = Γ
2
𝜅Δ2

L2
Nu, (5)

where Γ ≡ L∕H is the HC cell aspect ratio. The estimate (5) of ⟨𝜖𝜃⟩V is similar to that in RBC (up to Γ∕2).

Multiplying (1) by u and further integrating in time and V and taking into account (4), we obtain

⟨𝜖u⟩V = 𝛼g⟨uz𝜃⟩V ≤
𝛼g𝜅Δ

2H
= Γ

2
𝜈3

L4
Ra Pr−2, (6)

which is very different from the RBC case, where a similar equality holds and an extra factor (Nu−1) is present
in the right-hand side. As the mean kinetic dissipation rate in HC is generally smaller than in RBC, one can
understand now why for the same considered Ra in HC and RBC, one obtains generally smaller Nu and Re in
the case of HC (the absolute values and also the scaling exponents). Some authors say in this respect that HC
is not truly turbulent and refer to the estimate of ⟨𝜖u⟩V (6) (presented here in a different, but equivalent, form
as in Paparella and Young [2002]) as the “antiturbulence theorem.” However, Scotti and White [2011] and some
other authors, e.g., Mullarney et al. [2004], Sheard and King [2011], and Wang and Huang [2005], found that
with increasing Ra, the HC flows become more turbulent. From relation (6) it follows that in HC, in contrast
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to RBC, ⟨𝜖u⟩V cannot grow faster than ∝ Ra as Ra → ∞, but this does not mean that the HC flows cannot be
truly turbulent, as proposed by Paparella and Young [2002]. Also, the aspect ratio Γ can influence transition to
turbulence much stronger than in RBC, since ⟨𝜖u⟩V ∝ Γ.

Another consequence from (6) is the fact that in HC, the mean temperature at the top, ⟨T⟩z=H, is larger than
that at the bottom, ⟨T⟩z=0. This follows from relations (6) and (4), namely, ⟨𝜖u⟩V ∝ ⟨uz𝜃⟩V ∝ (⟨𝜃⟩

z=H
− ⟨𝜃⟩

z=0
),

and the fact that the mean kinetic dissipation rate is positive for any nonzero flow, ⟨𝜖u⟩V > 0.

Following Grossmann and Lohse [2000], we decompose the globally averaged dissipation rates (6) and (5) in a
HC flow into their BL and bulk contributions as

⟨𝜖u⟩V = 𝜖u,BL + 𝜖u,bulk,⟨𝜖𝜃⟩V = 𝜖𝜃,BL
⏟⏟⏟

BL contributions

+ 𝜖𝜃,bulk.
⏟⏟⏟

bulk contributions

Here 𝜖u,BL is the kinetic dissipation rate, which is averaged in time and over the viscous boundary layers near
all rigid walls and further multiplied by the relative volume of all viscous boundary layers (i.e., by the ratio
of the viscous boundary layers volume and the volume of the whole convection cell). Analogously, 𝜖u,bulk is
the kinetic dissipation rate, which is averaged in time and in the bulk part of the domain outside the viscous
boundary layers and further multiplied by the relative volume of the bulk region. In a similar way the boundary
layer contribution 𝜖𝜃,BL and the bulk contribution 𝜖𝜃,bulk to the globally averaged thermal dissipation rate
are defined. The thicknesses of the corresponding BLs can be estimated with the standard slope velocity BL
thickness 𝜆u and slope temperature BL thickness 𝜆𝜃 , respectively; see Grossmann and Lohse [2000].

Further, we define regimes I–IV as BL-BL, bulk-BL, BL-bulk, and bulk-bulk dominance in ⟨𝜖u⟩V and ⟨𝜖𝜃⟩V , respec-
tively. As the cases 𝜆𝜃 ≪ 𝜆u (large Pr) and 𝜆𝜃 ≫ 𝜆u (small Pr) can lead to different scalings, we assign the
subscripts u and 𝓁 to the regimes I–IV, which indicate the upper Pr and lower Pr cases, respectively. While
equating ⟨𝜖u⟩V and ⟨𝜖𝜃⟩V to their estimated either bulk or BL contributions and taking into account the
balance between the thermal and viscous BL thicknesses, we obtain eight theoretically possible limiting
scaling regimes.

Note that regimes IIu and III𝓁 are less important than the other regimes in HC by the following reasons. On
the one hand, the thermal BL in IIu is expected to be thicker than the kinetic one due to the BL dominance in⟨𝜖𝜃⟩V . On the other hand, the thermal BL in IIu should be thinner than the kinetic one because of the large Pr.
By similar argumentation, the regime III𝓁 is also small, if it exists at all.

To derive the limiting scalings, the following assumptions are made with respect to the BL thicknesses: 𝜆𝜃∼
l∕Nu and 𝜆u ∼ l∕

√
Re. As it was derived for 2-D thermal BLs in Shishkina et al. [2015] (see equations (13) and

(14), and explanations there), the latter relation must be fulfilled for the existence of a similarity solution of
the thermal BL equation, even if the BLs are strongly fluctuating.

Since the equations (1) and (2) imply

1
2

[
𝜕u2

𝜕t
+ u ⋅ ∇u2

]
= 𝜈∇(u ⋅ ∇u) − 𝜖u − u ⋅ ∇p + 𝛼g𝜃uz,

1
2

[
𝜕𝜃2

𝜕t
+ u ⋅ ∇𝜃2

]
= 𝜅∇(𝜃 ⋅ ∇𝜃) − 𝜖𝜃,

the value of 𝜖u in the bulk is of a similar order of magnitude as (u ⋅ ∇)u2. Analogously, 𝜖𝜃 in the bulk is of a
similar order of magnitude as (u ⋅∇)𝜃2. As a result, in the 𝜖u bulk dominating regimes II𝓁 , IV𝓁 , and IVu, the value
of 𝜖u,bulk is estimated as

𝜖u,bulk ∼ U
U2

l

l − 𝜆u

l
≈ U3

l
= 𝜈3

l4
Re3.

Here U is the reference velocity of the large-scale flow, l is the height of the fluid layer, which is involved in
the large-scale flow, and (l − 𝜆u) represents the thicknesses of the bulk. Similarly, in the 𝜖𝜃 bulk dominating
regime IV𝓁 , the value of 𝜖𝜃,bulk is estimated as

𝜖𝜃,bulk ∼ U
Δ2

l

l − 𝜆𝜃

l
≈ UΔ2

l
= 𝜅Δ2

l2
Pr Re.
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In the case of large Pr (regimes IIIu and IVu), the thermal BL is embedded into the kinetic one, and therefore,
in the above formula the magnitude of the velocity of the flow, which carries the temperature in the bulk,
should be reduced from U to (𝜆𝜃∕𝜆u)U, which yields

𝜖𝜃,bulk ∼
𝜆𝜃

𝜆u

UΔ2

l

l − 𝜆𝜃

l
≈

𝜆𝜃

𝜆u

UΔ2

l
= 𝜅Δ2

l2

Pr Re3∕2

Nu
. (7)

In the 𝜖u BL dominating regimes I𝓁 , Iu, and IIIu the kinetic dissipation rate in the BL is estimated as ∼ 𝜈(U∕𝜆u)2,
and therefore

𝜖u,BL ∼ 𝜈
U2

𝜆2
u

𝜆u

l
= 𝜈3

l4
Re5∕2. (8)

With increasing Pr, the BL thickness 𝜆u cannot increase to infinity and saturates at a certain value of order l. In
that case 𝜖u,BL scales not according to (8) but as

𝜖u,BL ∼ 𝜈
U2

𝜆2
u

= 𝜈3

l4
Re2. (9)

For small Ra or very large Pr, this leads to special regimes I∗𝓁 , I∞, and III∞ “above,” respectively, I𝓁 , Iu, and IIIu;
see Grossmann and Lohse [2001]. Analogously, 𝜖𝜃,bulk is estimated in III∞ differently from (7), namely, as

𝜖𝜃,bulk ∼
𝜆𝜃

l
U
Δ2

l

l − 𝜆𝜃

l
≈

𝜆𝜃

l
UΔ2

l
= 𝜅Δ2

l2
Pr Re Nu−1.

In the 𝜖𝜃-BL dominating regimes I𝓁 , Iu, and II𝓁 , the thermal dissipation rate in the BL is estimated as∼ 𝜅(Δ∕𝜆𝜃)2,
which leads to 𝜖𝜃,BL ∼ 𝜅

Δ2

𝜆2
𝜃

𝜆𝜃

l
= 𝜅

Δ2

l2
𝜆u

𝜆𝜃
Re1∕2. For small Pr, i.e., in the regimes I𝓁 and II𝓁 , holds 𝜆𝜃∕𝜆u ∼ Pr−1∕2,

while and for large Pr, i.e., in the regime Iu, holds 𝜆𝜃∕𝜆u ∼ Pr−1∕3 [Schlichting and Gersten, 2000; Grossmann and
Lohse, 2000; Shishkina et al., 2013, 2014]. Note that in the 𝜖𝜃-BL dominating regimes I𝓁 and II𝓁 , where 𝜆u ≪ 𝜆𝜃
(small Pr), the scaling of Nu with Pr and Re can be easily estimated from the heat transfer balance in the BL
heat equation ux𝜕x𝜃+uz𝜕z𝜃 = 𝜅𝜕2

z 𝜃, which implies UΔ∕l ∼ 𝜅Δ∕𝜆2
𝜃
. This is equivalent to (Ul∕𝜈)(𝜈∕𝜅) ∼ (l∕𝜆𝜃)2,

which yields
Nu ∼ Re1∕2Pr1∕2. (10)

The scalings of ⟨𝜖u⟩V and ⟨𝜖𝜃⟩V within the different regimes are summarized in Table 1. By equating ⟨𝜖u⟩V and⟨𝜖𝜃⟩V to their estimated either bulk or BL contributions, we obtain the limiting scalings of Nu and Re in HC,
which are also presented in Table 1 and in addition schematically sketched in Figure 2b (compare with the
corresponding schematic sketch for RBC in Figure 2a). One can see that the Grossmann and Lohse [2000] ansatz
applied to HC suggests different scaling regimes, including the Rossby [1965] scaling, which is the laminar
BL-dominated regime I𝓁 , and the regime IV𝓁 , which is the limiting scaling proposed by Siggers et al. [2004].
Note that in HC, the flows become turbulent for larger Ra than in RBC: thus, for Ra about 109 the bulk RBC flows
are already turbulent [see, e.g., He et al., 2011; Shi et al., 2012; Kaczorowski et al., 2011; Wagner and Shishkina,
2013], while the HC flows are still laminar [Gayen et al., 2014].

The critical Rayleigh number Racr for the transition to the ultimate regime one can estimate following
Grossmann and Lohse [2000, 2002]. As the shear Reynolds number Res (based on 𝜆u) exceeds a certain critical
value Res,cr ∼ 400 [Landau and Lifshitz, 1987; Grossmann and Lohse, 2000, 2002], the viscous BL becomes tur-
bulent, while for Res < Res,cr holds 𝜆u∕H ∼ Re−1∕2 [Grossmann and Lohse, 2000; Shishkina et al., 2015]. This
together with a balance of ⟨𝜖u⟩V with its turbulent bulk contribution ∼ (𝜈3∕l4)Re3 gives Racr ∼ Pr2Re6

s,cr ,
which for Pr ∼ 1 leads to the following estimate for the critical Ra for the transition to the ultimate regime:
Racr ∼ 4 × 1015.

In conclusion, we have applied the ideas of Grossmann and Lohse [2000] for Rayleigh-Bénard convection (RBC)
to horizontal convection (HC), revealing various known and new limiting scaling laws for that case. The theory
also implies that there are no sharp transitions between the various regimes, but smooth ones, leading to
effective scaling exponents different from those of the limiting cases, just as in the case of RB flow. The next
step would be to provide sufficiently many and precise numerical and/or experimental data on Nu(Ra, Pr) and
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Table 1. Scalings of ⟨𝜖u⟩V , ⟨𝜖𝜃⟩V , Nu and Re in Different Limiting Regimes in HC

⟨𝜖u⟩V ⟨𝜖𝜃⟩V

Regime ∼ Ra Pr−2 ∼ Nu Re Nu

I∞ ∼ Re2 ∼ Re1∕3 ∼ Ra1∕2 ∼ Ra1∕6

I𝓁 ∼ Re5∕2 ∼ Re1∕2 ∼ Ra2∕5 ∼ Ra1∕5

I∗𝓁 ∼ Re2 ∼ Re1∕2 ∼ Ra1∕2 ∼ Ra1∕4

II𝓁 ∼ Re3 ∼ Re1∕2 ∼ Ra1∕3 ∼ Ra1∕6

III∞ ∼ Re2 ∼ Re Nu−1 ∼ Ra1∕2 ∼ Ra1∕4

IVu ∼ Re3 ∼ Re3∕2Nu−1 ∼ Ra1∕3 ∼ Ra1∕4

IV𝓁 ∼ Re3 ∼ Re ∼ Ra1∕3 ∼ Ra1∕3

Re(Ra, Pr) in HC to allow for the adoption of the five prefactors of the theory, namely those in the four scaling
relations for 𝜖u,BL, 𝜖u,bulk, 𝜖𝜃,BL, and 𝜖𝜃,bulk, and one prefactor for the absolute strength of the wind. For RBC this
was done by Grossmann and Lohse [2001] based on the available RBC data those days, with a slight revision
in Stevens et al. [2013], based on the then available data. After this is done, one will be able to predict Nu and
Re for any Ra and Pr in HC, as it is now already possible in RBC. The advancement of the theory to the case
of other classical boundary conditions, like in vertical convection [Ng et al., 2015], and to more complicated
geometries, see, e.g., Bailon-Cuba et al. [2012], Koerner et al. [2013], and Wagner and Shishkina [2015], is the
subject of future theoretical studies.

Further, we would like to comment on the applicability of the so-called “zeroth law of turbulence” [Frisch, 1995;
Sreenivasan, 1984] to turbulent HC flows. According to the zeroth law of turbulence, the dimensionless dissi-
pation factor 𝛽 , which is the mean kinetic dissipation rate measured in nonviscous units, i.e., 𝛽 ≡ ⟨𝜖u⟩V L∕U3,
should tend to a finite positive constant as Re → ∞ (or as 𝜈 → 0). From (6) and the definition of 𝛽 one obtains
that 𝛽 ∝ Ra Re−3Pr−2. Numerical simulations [Shishkina and Wagner, 2016] show that the proportionality coef-
ficient here is independent from Ra and Pr and is determined by the cell geometry. As follows from our theory,
in turbulent regimes II𝓁 , IV𝓁 , and IVu, the Reynolds number scales as Re ∼ Ra1∕3Pr−2∕3. The last two relations
give 𝛽 → constant > 0 as Re → ∞, which is fully consistent with the zeroth law of turbulence. Note that taking
the free-fall velocity

√
𝛼gΔH instead of the wind velocity U in the definition of 𝛽 (as in Scotti and White [2011])

would lead to the dissipation factor that vanishes as∼ Ra−1∕2Pr−1∕2 and hence would made turbulent RBC and
turbulent HC somewhat special among other turbulent flows. Furthermore, this would imply that Re scales as
∼
√

Ra∕Pr in all turbulent regimes in RBC and HC, which is in conflict to experiments; see Ahlers et al. [2009].
Indeed, for the case of turbulent RBC it has been now well established that there are different scaling regimes
with different scalings of Re with Ra. Thus, with our theory we have clarified the zeroth law of turbulence
issue in HC.

Finally, we stress again one important difference between RBC and HC: While in RBC the height L of the sample
is the relevant length scale, in HC it is l, which is a priori not known. For relatively flat samples one will have
l = L; however, if the sample size gets very large, the upper fluid layers in the sample may be unaffected by
the HC at the bottom part of the cell, and l ≪ L.

References
Ahlers, G., S. Grossmann, and D. Lohse (2009), Heat transfer and large scale dynamics in turbulent Rayleigh–Bénard convection,

Rev. Mod. Phys., 81, 503–537.
Ahlers, G., E. Bodenschatz, D. Funfschilling, S. Grossmann, X. He, D. Lohse, R. Stevens, and R. Verzicco (2012), Logarithmic temperature

profiles in turbulent Rayleigh–Bénard convection, Phys. Rev. Lett., 109, 114501.
Bailon-Cuba, J., O. Shishkina, C. Wagner, and J. Schumacher (2012), Low-dimensional model of turbulent mixed convection in a complex

domain, Phys. Fluids, 24, 107101.
Castaing, B., G. Gunaratne, F. Heslot, L. Kadanoff, A. Libchaber, S. Thomae, X.-Z. Wu, S. Zaleski, and G. Zanetti (1989), Scaling of hard thermal

turbulence in Rayleigh–Bénard convection, J. Fluid Mech., 204, 1–30.
Chillà, F., and J. Schumacher (2012), New perspectives in turbulent Rayleigh–Bénard convection, Eur. Phys. J. E, 35, 58.
Chiu-Webster, S., E. J. Hinch, and J. R. Liter (2008), Very viscous horizontal convection, J. Fluid Mech., 611, 395–426.
Cushman-Roisin, B., and J.-M. Beckers (2011), Introduction to Geophysical Fluid Dynamics. Physical and Numerical Aspects, 2n ed., Academic

Press, Amsterdam.
Davis, A. H. (1922), Natural convective cooling in fluids, Philos. Mag., 44, 920–940.
Doering, C. R., F. Otto, and M. G. Reznikoff (2006), Bounds on vertical heat transport for infinite-Prandtl-number Rayleigh–Bénard

convection, J. Fluid Mech., 560, 229–242.
Frisch, U. (1995), Turbulence: The Legacy of A. N. Kolmogorov, Cambridge Univ. Press, Cambridge, U. K.

Acknowledgments
The authors would like to express their
gratitude to Eberhard Bodenschatz for
the fruitful discussions, the very useful
suggestions on improvement of the
paper, and his enthusiastic support
of this HC study. The authors wish
to thank also Graham Hughes for
the useful comments and suggested
improvements. O.S. acknowledges
financial support of the Deutsche
Forschungsgemeinschaft (DFG) under
the grant SH405/4—Heisenberg
fellowship and SFB 963.

SHISHKINA ET AL. HEAT TRANSPORT IN HORIZONTAL CONVECTION 1224



Geophysical Research Letters 10.1002/2015GL067003

Gayen, B., R. W. Griffiths, G. O. Hughes, and J. A. Saenz (2012), Energetics of horizontal convection, J. Fluid Mech., 716, R10.
Gayen, B., R. W. Griffiths, and G. O. Hughes (2014), Stability transitions and turbulence in horizontal convection, J. Fluid Mech., 751, 698–724.
Griffiths, R. W., G. O. Hughes, and B. Gayen (2013), Horizontal convection dynamics: Insights from transient adjustment, J. Fluid Mech., 726,

559–595.
Grossmann, S., and D. Lohse (2000), Scaling in thermal convection: A unifying view, J. Fluid Mech., 407, 27–56.
Grossmann, S., and D. Lohse (2001), Thermal convection for large Prandtl numbers, Phys. Rev. Lett., 86, 3316–3319.
Grossmann, S., and D. Lohse (2002), Prandtl and Rayleigh number dependence of the Reynolds number in turbulent thermal convection,

Phys. Rev. E, 66, 016305.
Grossmann, S., and D. Lohse (2004), Fluctuations in turbulent Rayleigh–Bénard convection: The role of plumes, Phys. Fluids, 16, 4462–4472.
Grossmann, S., and D. Lohse (2011), Multiple scaling in the ultimate regime of thermal convection, Phys. Fluids, 23, 045108.
He, X., E. S. C. Ching, and P. Tong (2011), Locally averaged thermal dissipation rate in turbulent thermal convection: A decomposition into

contributions from different temperature gradient components, Phys. Fluids, 23, 025106.
He, X., D. Funfschilling, H. Nobach, E. Bodenschatz, and G. Ahlers (2012), Transition to the ultimate state of turbulent Rayleigh–Bénard

convection, Phys. Rev. Lett., 108, 024502.
Houghton, J. T. (1977), The Physics of Atmospheres, Cambridge Univ. Press, Cambridge, U. K.
Hughes, G. O., and R. W. Griffiths (2008), Horizontal convection, Annu. Rev. Fluid Mech., 40, 185–208.
Hughes, G. O., R. W. Griffiths, J. C. Mullarney, and W. H. Peterson (2007), A theoretical model for horizontal convection at high Rayleigh

number, J. Fluid Mech., 581, 251–276.
Kaczorowski, M., O. Shishkina, A. Shishkin, C. Wagner, and K.-Q. Xia (2011), Analysis of the large-scale circulation and the boundary layers

in turbulent Rayleigh–Bénard convection, in Direct and Large-Eddy Simulation VIII, edited by H. Kuerten et al., pp. 383–388, Springer,
Netherlands.

Koerner, M., O. Shishkina, C. Wagner, and A. Thess (2013), Properties of large-scale flow structures in an isothermal ventilated room,
Build. Environ., 59, 563–574.

Kraichnan, R. (1962), Turbulent thermal convection at arbitrary Prandtl number, Phys. Fluids, 5, 1374–1389.
Landau, L. D., and E. M. Lifshitz (1987), Fluid Mechanics, Course of Theoretical Physics, vol. 6, 2nd ed., Butterworth-Heinemann, Oxford, U. K.
Lohse, D., and K.-Q. Xia (2010), Small-scale properties of turbulent Rayleigh–Bénard convection, Annu. Rev. Fluid Mech., 42, 335–364.
Malkus, M. V. R. (1954), The heat transport and spectrum of thermal turbulence, Proc. R. Soc. A, 225, 196–212.
Mullarney, J. C., R. W. Griffiths, and G. O. Hughes (2004), Convection driven by differential heating at a horizontal boundary, J. Fluid Mech.,

516, 181–209.
Ng, C. S., A. Ooi, D. Lohse, and D. Chung (2015), Vertical natural convection: Application of the unifying theory of thermal convection, J. Fluid

Mech., 764, 0349–361.
Paparella, F., and W. R. Young (2002), Horizonal convection is non-turbulent, J. Fluid Mech., 466, 205–214.
Rossby, H. T. (1965), On thermal convection driven by non-uniform heating from below: An experimental study, Deep Sea Res., 12, 9–16.
Rossby, T. (1998), Numerical experiments with fluid heated non-uniformly from below, Tellus A, 50, 242–257.
Schlichting, H., and K. Gersten (2000), Boundary-Layer Theory, 8th ed., Springer, Berlin.
Scotti, A., and B. White (2011), Is horizontal convection really “non-turbulent?”, Geophys. Res. Lett., 38, L21609, doi:10.1029/2011GL049701.
Sheard, G., and M. P. King (2011), Horizontal convection: Effect of aspect ratio on Rayleigh number scaling and stability, Appl. Math. Model.,

35, 1647–1655.
Shi, N., M. S. Emran, and J. Schumacher (2012), Boundary layer structure in turbulent Rayleigh–Bénard convection, J. Fluid Mech., 706, 5–33.
Shishkina, O., and S. Wagner (2016), Prandtl-number dependence of heat transport in laminar horizontal convection, Phys. Rev. Lett., 116(2),

024302.
Shishkina, O., S. Horn, and S. Wagner (2013), Falkner-Skan boundary layer approximation in Rayleigh–Bénard convection, J. Fluid Mech., 730,

442–463.
Shishkina, O., S. Wagner, and S. Horn (2014), Influence of the angle between the wind and the isothermal surfaces on the boundary layer

structures in turbulent thermal convection, Phys. Rev. E, 89, 033014.
Shishkina, O., S. Horn, S. Wagner, and E. S. C. Ching (2015), Thermal boundary layer equation for turbulent Rayleigh–Bénard convection,

Phys. Rev. Lett., 114, 114302.
Siggers, J. H., R. R. Kerswell, and N. J. Balmforth (2004), Bounds on horizontal convection, J. Fluid Mech., 517, 55–70.
Siggia, E. (1994), High Rayleigh number convection, Annu. Rev. Fluid Mech., 26, 137–168.
Sreenivasan, K. R. (1984), On the scaling of the turbulence energy dissipation rate, Phys. Fluids, 27, 1048.
Stern, M. E. (1975), Ocean Circulation Physics, Academic Press, New York.
Stevens, R. J. A. M., E. P. van der Poel, S. Grossmann, and D. Lohse (2013), The unifying theory of scaling in thermal convection: The updated

prefactors, J. Fluid Mech., 730, 295–308.
Wagner, S., and O. Shishkina (2013), Aspect ratio dependency of Rayleigh–Bénard convection in box-shaped containers, Phys. Fluids, 25,

085110.
Wagner, S., and O. Shishkina (2015), Heat flux enhancement by regular surface roughness in turbulent thermal convection, J. Fluid Mech.,

763, 109–135.
Wang, W., and R. X. Huang (2005), An experimental study on thermal circulation driven by horizontal differential heating, J. Fluid Mech., 540,

49–73.
Whitehead, J. A. (1995), Thermohaline ocean processes and models, Annu. Rev. Fluid Mech., 27, 89–114.
Winters, K. B., and W. R. Young (2009), Available potential energy and buoyancy variance in horizontal convection, J. Fluid Mech., 629,

221–230.

SHISHKINA ET AL. HEAT TRANSPORT IN HORIZONTAL CONVECTION 1225

http://dx.doi.org/10.1029/2011GL049701

	Abstract
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (ECI-RGB.icc)
  /CalCMYKProfile (Photoshop 5 Default CMYK)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Symbol
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /Times-Roman
    /ZapfDingbats
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


