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Abstract-The influence of the transverse curvature on free convection heat or mass transfer at vertical 
cylinders is investigated. Mass transfer coefficients have been determined from limiting current density 
measurements, using the electroreduction of ferricyanide ions as the model reaction. The evaluation 
of the dimensionless free convection mass transfer variables for this system leads to reliable results. 

The data in the laminar region show good agreement with theoretical predictions, based on a Pohl- 
hausen approximation for infinite Schmidt or Prandtl number, and with heat transfer measurements in 
water. Theory and experiments are increasingly accurate with stronger curvature. The limiting 
behaviour for very thick and infinitely thin cylinders is discussed. 

For turbulent flow at thin cylinders, the electrochemical measurements are in close agreement with 
heat transfer data in air. The combined data’lead to the correlation Sh, = O~6RaR”“, whereas thick 
cylinders with Ra, > 800 behave like a flat plate. 

Empirical and theoretical evidence points to a critical value of Gr,/Sc, corresponding to Re, i= 103, 
as a criterion for the transition from laminar to turbulent flow, with a slightly destabilizing influence of 
the curvature. 

I. INTRODUCTION 

FREE convection along vertical cylinders is of 
interest for heat and mass transfer to wires, 
threads, fibers etc. in industrial processes. The 
flow is caused by density differences in the sur- 
rounding fluid, which may result from concen- 
tration or temperature gradients. Often this 
buoyancy mechanism will act in combination 
with forced convection, e.g. when the thread is 
moving through a liquid or gas. As one of the 
initial steps towards a future research program 
on combined flow, the case of free convection 
mass transfer was investigated. The other ex- 
treme of forced convection mass transfer to 
moving cylinders has already been discussed 
by Rotte et al. in previous publications [ 1,2]. 

The objectives of the work described here 
were several. 

(a) Derivation of a theoretical mass and heat 

transfer correlation for laminar free convection 
at vertical cylinders, based on a refined Pohl- 
hausen approximation for infinite Schmidt or 
Prandtl number. 

(b) Development and testing of an electro- 
chemical method to measure rates of mass trans- 
fer, also applicable in the combined flow situation. 
With the high Schmidt numbers common in 
electrolyte solutions, a fair mutual check of this 
technique and the laminar free convection theory 
would be possible. 

(c) Extension of the measurements to turbulent 
free convection mass transfer. 

(d) Investigation of the effect of the Schmidt 
or Prandtl number on the rate of the transfer 
process and on the transition to turbulence, by 
comparison of the results with literature data on 
thermal free convection. 

In connection with the experimental approach 
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a mass transfer oriented terminology will be used 
throughout this paper. However, in view of the 
analogy between heat and mass transfer, the 
theory and the empirical correlations are also 
applicable to thermal free convection. 

2. AXISYMMETRIC FREE CONVECTION 

The free convection field along a vertical 
cylinder presents an axisymmetric boundary 
layer problem. It will be attempted to derive a 
mass transfer correlation, which may be regarded 
as a generalization of the well known solution 
for a vertical flat plate. 

Introducing a modified Sherwood number ShR, 
related to the radius of curvature, and again 
assuming a quasi-infinite Schmidt number, we 
obtain from Eq. (3) 

Sh R = k,R = f2 (7) R Ra,l,4 -_ 

D 1.99 X . (9 

Hence, with (4) the local ShR can be expressed 
as a function of y only 

The theoretical correlation for local mass 
transfer during laminar free convection, along a 
vertical flat plate, can be formulated as? 

ShR =-&id _ 
1.99r -h(Y). 

l-99& =fi(Sc). (1) 

The function f,(Sc) is defined such that f,(Sc + 
CQ) = 1. Its behaviour is shown in Fig. 1, con- 
structed from data by SchlichtingE31 for the 
corresponding heat transfer case. For sufficient- 
ly high Schmidt numbers the average Sherwood 
number follows from Eq. (1) withf, (SC) = 1 

( S~)L = $ 
I 

L k, dx = 0.670RaL”4. (2) 
0 

With cylindrical surfaces however, the trans- 
verse curvature has an additional effect. With the 
assumption that the influences of curvature and 
Schmidt number act independently of each other, 
as was proved to be true to a certain extent for 
forced convection[l], the flat plate correlation 
(1) can be generalized 

- SC 

I 

0q 1 10 IO2 103 I@ 105 

Fig. 1. The function f,(Sc or Pr), constructed from heat 
transfer data by Schlichting[3]. 

For practical applications and for comparison 
of theory and experimental results, it is con- 
venient to know the average 

1.99% = fi(SC)f,(Y). (3) 

Here the curvature parameter y, which is a 
measure for the ratio of the concentration boun- 
dary layer thickness, in case of zero curvature, 
and the radius of the cylinder, is defined as 

tFor explanation of symbols, see Notation. 

The unknown function f3(y) appearing in Eqs. 
(6) and (7) can be found with a Pohlhausen 
approximation. According to this method, the 
relation between Sh, and y can be derived by 
integration of the mass balance of the transported 
species, based on “realistic” concentration and 

(6) 
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velocity distributions in the concentration boun- 
dary layer region. A Pohlhausen procedure for 
the axisymmetric heat transfer case was de- 
veloped by Hama, Recess0 and Christiaens[4], 
but it seems that these authors did not fully re- 
alize the importance of the Prandtl number for 
some of the boundary conditions. A modified 
and more accurate treatment, focussed on mass 
transfer at infinite -Schmidt number, will be 
described in Sections 3 and 4. 

3. CONCENTRATION AND VELOCITY 
PROFILES 

Near the wall of the vertical cylinder, we as- 
sume a logarithmic concentration profile in 
radial direction 

c-c, 
O=~=l- 

In (r/R) 
In {(R+6)/R}’ (8) 

This reflects the idea that, across a concentra- 
tion boundary layer with x-dependent thickness 
6, the concentration distribution is approximately 
governed by the diffusion equation 

a ae 
dr ‘ar = ( > 0 (9) 

with the boundary conditions 8 = 1 for r = R 

and8=Oforr=R+& 
Considering the mass transfer flux at the wall, 

it can easily be shown that 

ln{(R+a)/R} = l/ShR. (10) 

This quantity will further be denoted by (Y = 
l/S&. The logarithmic radial concentration dis- 
tribution may be expected to become increas- 
ingly accurate as the thickness of the concentra- 
tion boundary layer increases. 

The corresponding velocity profile can be 
found from the momentum equation. When in- 
compressibility is assumed except for the buoy- 
ancy term, and the intertia terms are omitted in 
view of the infinite Schmidt number, this equa- 
tion reduces to 
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ri r!J +gp(C-C,) =O. ( > (11) 

Substitution of the concentration profile (8) 
in the momentum equation (11) gives 

a% 1 au 
zF+rar+ - = 

I . 

o 

(12) 

Realistic boundary conditions for the velocity 
distribution are u = 0 at r = R and au/ar = 0 at 
r = R + 6. The latter condition follows from the 
consideration that, for infinite Schmidt number, 
with the hydrodynamic boundary layer infinitely 
thicker than the concentration boundary layer, 
the velocity profile becomes flat at the edge of 
the concentration boundary layert. Solution of 
Eq. (12) with these boundary conditions results 
in a dimensionless velocity profile 

where 

1/3 
2vu 

gP(G- GJR” 
(14) 

Typical concentration and velocity distributions, 
calculated for CY = 1, are shown in Fig. 2. The 
solid lines represent 8 and U according to Eqs. 
(8) and (13). The broken line indicates the 
velocity profile derived by Hama C.S. [4]. Starting 
with the same assumption for 8, but using a 
cumbersome and inaccurate approximation pro- 
cedure they found 

U= 
t 
+-(e2u-l)-i 

IO 
In + . (15) 

Near the wall the two velocity profiles coincide, 
but in the outer part of the boundary layer Eq. 
(15) becomes less satisfactory. In contrast to 
Eq. (13), it does not obey the boundary condi- 

tLikewise for SC (or Pr) = 1 a realistic boundary condi- 
tionwouldbeu=Oatr=R+i% 
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variables and integration (with (Y = 0 at x = 0) 
results in 

y4 = R4Ra, 
L=;[+)-j,,,,dcz]. 

0 
(18) 

For Z(a) we find, after substitution of U and 
19 with Eqs. (I 3) and (8), and integration 

z(a) = a-1118 era + 
(Y+1 5 

8a2 
- ,za--- 
4a2 64& 

(19) 
3 1 ---- 

16a 8’ 
0 02 04 0.6 0.6 1 

Fig. 2. Concentration and velocity distribution for 01= 1, in With a series expansion of Z(a), we eventually 
systems with infinite Schmidt or Prandtl number. obtain from Eqs. (18) and (19) 

tion au/ar = 0 at r = R + 6, as would be realistic m m-l (2a)“’ 
y4=~----- 

t 

1+2”-‘+ 2 
with infinite Schmidt or Prandtl number. Since 8m! m+l 
the next step in the derivation will involve the 

m=4 IyI 
(20) 

integration of the product (r/R)UB over the 
entire boundary layer thickness, the use of Eq. 

x (l-11 x2m-3) 

(15) would result in a less accurate mass or heat 
transfer correlation. Hence Eq. (13) will be used or writing out the first four terms 
in the further treatment. 

4. MASS TRANSFER CORRELATION 
y’=$y’+&a5+&a6+gp7+. . . . . 

The rate of mass transfer is related to the con- (21) 
centration and velocity distributions by the mass 
balance The Eqs. (1 S), (19) and (20) allow the calculation 

of y for all values of Q Z= 0 on a digital computer. 
R+& 

d The result is shown in Fig. 3. The function f3 (y) 
- 
dx il 

ru(C-CJ dr 
I 

= Rk,(Ci-CC,). in Eqs. (6) and (7) cannot be expressed explicit- 
R (16) ly, but since 

Remembering that k, = D/aR, we then obtain h(Y) = ShR = l/a (273 

the dimensionless equation 
the inverse off,(y) follows from Fig. 3. 

~ [ le; UOd (;)I= ;@(CY-4.b)R3’ d&R) 

The function J_,(r) in Eqs. (3), (5) and (6) 
cannot be obtained in explicit form either. How- 

l ever, from Eq. (6) it can be seen that 
(17) 

A?(Y) = 1*99ylcr. (23) 
When the definite integral in Eq. (17), being a 
function of (Y, is denoted by Z(a), separation of Thus fi(r) can be calculated from known pairs 
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10-a ’ 
Y 

i 

10-a 10-2 10-l 1 10 102 103 

Fig. 3. Relation between (Y and y. calculated with Eqs. 
(18)~(20). 

of y and (Y values. In this manner Fig. 4, showing 
fi (y) in graphical form, was constructed. 

In view of its implicit character, the elimina- 
tion offs(y) from Eq. (7) will considerably facili- 
tate the calculation of (S/z),. With Eqs. (7), 
(18) and (22) we find, taking a! as the integration 
variable, 

(Sh), = 5 I,“‘:& (y4) &y = y. 
L (24) 

Hence ( SI?)~ can be calculated from I((Y~) values, 
computed with Eq. (19), and the corresponding, 
already known values of yL. The predicted corre- 
lation between (Sh), and yL is indicated by the 
solid line in Fig. 5. 

‘03- 

Fig. 4. The function fi (y) , indicating the effect of the curva- 
ture on the local mass or heat transfer coefficient; see Eq. (3). 

5. LIMITING BEHAVIOUR 

It is interesting to examine the results of our 
approximative theory for small values of (Y and 
y. With all terms except the first vanishing in 
Eq. (2 1) we find 

L dx 
( Sh)L = a 1; = 0.586RaL114. (25) 

0 

This is 12 per cent lower than the exact flat plate 
correlation 

( S/Z)~ = 0*670RaL1/4. (2) 

Correspondingly we find fi (y = 0) = 0.875 in- 
stead of unity. For comparison the exact flat 
plate behaviour is indicated by a broken line in 
Figs. 3-5. Since, as we have seen, our approxi- 
mation becomes increasingly accurate with 
greater curvature parameter, a deviation of only 
12 per cent from the exact flat plate solutiont 
may be considered as a confirmation of the pro- 
posed physical model. 

From the results we may further conclude that 
the influence of the transverse curvature on 
fr,ee convection mass or heat transfer is not 
significant, unless y > 0.1. For smaller values of 
y the exact correlations (1) and (2) for a vertical 
plate should preferably be used. 

For very large values of y and (Y it can be 
shown that 

Then, with Eqs. (24) and (26) 

(Sh), = Sh, = &-+. 

(26) 

(27) 

And correspondingly with Eqs. (23) and (26) 

tWith the approximations by Hama c.s.[4] the propor- 
tionality constant in Eq. (25) would become 0.561 and 
f2(y = 0) = 0.838. However in view of other assumptions, 
this 16 per cent deviation from the flat plate solution will not 
a priori diminish for higher values of y. 
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Fig. 5. Average mass or heat transfer correlation for laminar free convection 
at vertical cylinders. - Theoretical curve for infinite Schmidt number; 
Eqs. (7) and (24). 0 Electrochemical mass transfer measurements with quasi- 
infinite Schmidt number. x Heat transfer measurements in water; vertical 

coordinate ( Nu) ,Jf, (Pr) . 

“G(r) = g$ 

Thus laminar free convection mass or heat trans- 
fer at infinitely thin cylinders (r > 103) can be 
described with the simple equations (27) and 
(28). However, in practice this behaviour is 
likely to find another limitation in the transition 
to turbulencet. 

6. ELECTROCHEMICAL METHOD 

In general the current density during elec- 
trode reactions depends on two factors: electrode 
potential and transport of the reacting species. 
With increasing electrode potential the chemical 
reaction rate may become so fast that the inter- 
facial concentration of the reactant becomes in- 
finitely small. In the absence of parallel reactions 
the current density will reach a mass transfer 
controled limiting value, as illustrated in Fig. 6. 
This limiting current density is related to the 
conventional mass transfer coefficient by the 
mass balance of the reacting ions 

?As we shall see in Section 1 1, Table 4, this transition 
will occur when Ra,/Sc* 2 K*. It can easily be shown that 
this corresponds withy 2 (K SC/RLI~~)~‘~. 

(29) 

From left to right, the three terms here stand for 
reaction rate, transport by convection and diffu- 
sion, and ionic migration in the electric field. 
From Eq. (29) we easily obtain 

With this relation it is possible to determine mass 
transfer coefficients from relatively simple and 
accurate measurements of the limiting current 
density. Thus with suitable electrode reactions, 
mass and heat transfer problems, varying widely 
in geometry and type of flow, can be investi- 
gated electrochemically, either directly or by 
simulation on a scale model. 

After the groundlaying work by Levich[S], 
Agar[6], Tobias et al. [7] and lb1[8], this method 
has found successful application, particularly 
in systems with forces convection. Some ex- 
amples are the study of transport phenomena in 
packed beds[9, lo], pulsating systems[ll, 121, 
gauze-like structures [9, 13, 141, hydrocyclones 
[15] andCouetteflow[l6, 171. 
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Fig. 6. Illustration of limiting current behaviour. 

When the relevant physical properties, such 
as kinematic viscosity, diffusion coefficient and 
transference number are known, the electro- 
chemical results can be correlated in terms of the 
Sherwood, Reynolds and Schmidt numbers. 
However in systems with free convection, the 
density difference across the boundary layer 
becomes a major variable and the Grashof 
numbert will take the place of the Reynolds 
number in the mass transfer correlation. 

The application of the limiting current density 
method for free convection studies has long been 
hampered by the difficult estimation of the den- 
sity difference. This difficulty arises, since usually 
the interrelated concentration gradients of sever- 
al components in the electrolyte solution con- 
tribute to the overall density difference. So far 
the cathodic deposition of copper from a C&O, 
solution containing an excess of H,SO, has been 
the best known mode1 reaction, applied in free 
convection studies [ 18, 191. 

Nevertheless, in view of the experimental 
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accuracy, the electroreduction of ferricyanide 
ions in alkaline solution, which is commonly 
used in forced convection work, seems more 
attractive than the copper deposition. The limit- 
ing current plateau extends over a considerably 
longer voltage range (1200 mV compared to 
200 mV) before the onset of hydrogen evolution, 
and the surface of the cathode remains unaltered 
during the reaction. In recent years several 
authors [20-231 have contributed to the applica- 
bility of this redox system in free convection 
situations. The estimation of the concentration 
and density differences and the evaluation of 
(S/z), and yL during limiting current measure- 
ments at vertical cylinders will be discussed in 
the next section. 

7. ELECTROREDUCTION OF FERRICYANIDE 

The ionic concentration distribution in the 
vicinity of the cathode, during this mode1 reac- 
tion, is illustrated in Fig. 7. Typically the bulk 
electrolyte solution contains relatively small and 
equimolar concentrations of K3Fe(CN& and 
&Fe(CN),, and a large excess of NaOH. As 
the result of the electrode reaction 

Fe(CN),3-+ e + Fe(CN),4- (31) 

ferricyanide ions are reduced to ferrocyanide at 
the cathode electrolyte interface. Both kinds of 
ions and also the nonreacting Na+, K+ and OH- 
ions are transported to or away from the elec- 
trode by electromigration and convective diffu- 
sion. The interfacial electrolyte composition 
must obey the mass transfer balances of the five 
ionic components and the electroneutrality 
condition. For our purpose it is sufficient to 
consider the steady-state mass balances of the 
Fe(CN),3-(III), Fe(CN),4-(II) and OH- ions, 
under limiting current conditions. We obtain in 
a similar manner as Eq. (29) 

(32) 

tOften the Rayleigh number Ra = Cr. SC is used. 
-$= k,I(CIlb-C,li) -@ (33) 
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Fig. 7. Ionic concentration distribution during the cathodic 
reduction of ferricyanide ions. 

0 = koH ( CoHb -Co&-F. (34) 

The average Iimiting current density measured 
at a cylindrical cathode follows from Eq. (32) 

Solving kIII from Eq. (35) and substituting into 
the Sherwood number we obtain 

To find the concentration differences of the 
ferrocyanide and OH- ions, we eliminate il from 
Eqs. (33) and (34), using (35) 

A& = CIIb - CIli = - k&L- C,,, 

1 + itw kn 
(37) 

A&, = CoHb - CoHi = toHkIll CIIlb. 
1 + 5fIII koa 

(38) 

The quotients kIII/kj can be related to the corres- 
ponding ionic diffusivities in the form 
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(39) 

For laminar flow, the exponent p is 2 for a flat 
plate and will asumptotically go to 1 for an in- 
finitely thin cylinder, as can be seen from the 
predicted mass transfer correlations. For turbu- 
lent free convection (see Section IO), p is Q for a 
flat plate and would be & for a thin cylinder. 
Within the range of our experiments we may 
approximately use p = 3 in all cases, without 
loosing too much accuracy. The resulting error 
in yL is less than 2 per cent. 

With Eqs. (37-39) we obtain 

AC 

II I&, (40) 

(41) 

With good approximation the overall density 
difference may be estimated from the ionic con- 
centration differences and the molecular densi- 
fication coefficients 

$ = Crrrb&re(cNjG + ACr&rticNk 

+ ACOH I&OH. (42) 

For the overall densification coefficient we find 
with Eqs. (40-42) 
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(43) 

Once p is known from Eq. (43), the curvature 
parameter 3/L can be evaluated 

L V&IL 
> 

l/4 

yL = R RaL114 = glpICIIIbR4 * (44) 

8. EXPERIMENTAL TECHNIQUE 

The experimental set-up is shown in Fig. 8. 
The measurements were made in a vertical 
cylindrical vessel, with a height of 400 cm and 
19 cm in dia. The construction material was non- 
transparent PVC. Nickel wires, suspended along 
the axis of the vessel, served as measuring cath- 
ode. The wire diameter was varied between 0.096 
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and 2.64 mm. The exposed length of the wire 
was varied between 1 and 374cm, by coating 
part of the wire witha thin insulating layer of paint. 
A nickel screen, mounted against the inner 
cylindrical wall of the vessel, was used as the 
anode. Because of the symmetry of the anodic 
and cathodic reactions, the nett electrolyte 
composition remained unaltered during the 
course of an experinient. The very large ratio 
of anode to cathode surface ensured that the 
rate determining step did indeed take place at the 
wire electrode. 

The composition of the electrolyte solution, 
used in most of the experiments, was 

O-025 moles/l of K3Fe(CN& 
0.025 moles/l of &Fe(CN), 
2.00 moles/l of NaOH 

dissolved in distilled (oxygen free) water. The 
solution was stored in dark under a nitrogen 
atmosphere. In this way a freshly prepared solu- 
tion would be used for at least two weeks. The 
bulk concentrations were determined and 
checked titrimetrically. The large excess of the 
NaOH carrier electrolyte served to make the 
disturbing influence of the Ohmic potential 
gradient negligibly small. 

Since under the aforementioned experimental 
conditions all limiting current plateaux extended 
over practically the same potential range, with 
virtually constant readings between 200 and 
700 mV, the measurements were consistently 
performed at a bath-voltage of 500 mV. The 
electric current was measured by recording the 
voltage drop over a known resistance. 

Fig. 8. Experimental set-up for electrochemical mass trans- 
fer measurements at vertical wires. 

On the average a non-steady diffusion period 
of about 15 min elapsed before a steady free 
convection flow was established. From then on 
the measurement was continued for at least 
30 min; during this time the current remained 
constant. Great attention was paid to the uni- 
formity of the temperature in the solution. 
According to Weder[23], the coefficient of ther- 
mal expansion of the solution at room tempera- 
ture is 3.7 x 10-4/“C. Hence with a concentration 
induced density difference of the order of 2 kg/m3, 
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the solution temperature should be kept uniform 
within O-3%, if a thermal inaccuracy of 5 per 
cent in the overall densification coefficient /3 is 
allowed for. The following precautions were 
taken to ensure this uniformity. 

(1) The vessel was closed at both ends with 
2 cm thick PVC disks. 

(2) A jacket with thermostatically controled 
water circulation surrounded the vessel. 

(3) The ends of the electrodes reaching out of 
the vessel were thermally insulated with cotton- 
wool. 

Furthermore the vessel was suspended vibra- 
tion free, so that external vibrations could not 
unduly raise the relatively small rates of free 
convection mass transfer. Some exploratory 
measurements indicated that these experimental 
conditions allowed good reproducibility and 
accuracy (see Section 9). 

9. MASS TRANSFER IN THE LAMINAR 

REGION 

The results of the laminar flow experiments 
were correlated in terms of (Sh), and yL. These 
dimensionless quantities were calculated with 
Eqs. (36) and (44) from the electrolyte composi- 
tion, the electrode dimensions and the observed 
limiting current. 

The relevant physical properties were calcu- 
lated from the best data available in the litera- 
ture. Diffusion coefficients followed from 
reference [21] for D,,, and &, and [20] for D,,. 
The values for DIII were confirmed experimen- 
tally. Computation of diffusion coefficients from 
the diffusion-time-dependent current, during the 
first 20 set after switching on, yielded the same 
values within a few percents. Viscosity and 
density data were taken from Boeffard[22], with 
temperature corrections according to [23]. 
Transference numbers were calculated, using the 
ionic mobilities at infinite dilution, as recom- 
mended in [22]. 

In view of their concentration dependence, 
these properties were taken at the average of the 
bulk and the interfacial composition. Since CIIi 
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and CoHi were unknown, the calculation involved 
an iteration procedure. To check for possible 
concentration effects, some experiments (Nos. 
28, 30) were done with doubled cyanide concen- 
trations (CIIIb = Crr, = 0.050 moles/l), but no 
significant deviations were found. 

In Table 1 the data are summarized. Since the 
Schmidt number varied between 2500 and 4100, 
the experimental results are directly comparable 
with the theory for infinite Schmidt number. 
In Fig. 5 the results are compared with the pre- 
dicted correlation between ( Sh)R and yL accord- 
ing to Eq. (24). The agreement between theory 
and experiment is fairly good, particularly for 
higher values of yL. For -yL < 1 it becomes some- 
what less satisfactory. 

Recently Nagendra C.S. [24] reported free con- 
vection heat transfer data, measured at vertical 
cylinders and wires in water with Pr = 5. To 
allow a fair comparison of their results with the 
present work at SC = 03, (Nu)& (Pr) was 
plotted versus yL in Fig. 5, with the correction 
factor f,(Pr) following from Fig. 1, For higher yL 
values there is good agreement with the theoreti- 
cal correlation and the mass transfer data. 
However, compared to the electrochemical mea- 
surements, the deviations from the theory for 
lower yL are now in opposite direction. This 
might be an indication of systematic errors in 
the experimental methods employed. With in- 
creasing curvature their effect would become less 
pronounced. 

As for the electrochemical technique, experi- 
mental inaccuracy and uncertainties in the over- 
all densification coefficient p and other properties 
of the electrolyte led to an estimated error of 
3 to 5 per cent in yL. The error in (Sh), varied 
from about 6 to 12 per cent at lower yL, where 
end effects were more serious. A series of 12 
experiments (Nos. 5-17) with practically con- 
stant yL gave a good impression of the reproduci- 
bility. The standard deviation in (Sh), was 4 
per cent. 

IO. MASS TRANSFREER;XI;HE TURBULENT 

For turbulent free convection the curvature 
parameter must be redefined. Using the more 
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Table 1. Laminar free convectiqn 

Number of 
the ex- 

periment W,) YL 
- 

1 5.71 0.112 2.10 x 10’ l+O 264 l-50 2.94 
2 4.24 0.138 2.75 x 108 2.35 264 1.51 3.14 
3 2.86 0.192 1.47 x 10’0 8.84 2.64 1.51 3.31 
4 2.34 0,232 1.43 x 10” 18.85 264 1.51 3.20 
5 2.00 0.290 5.36 x lOI2 58.2 264 1.91 3.75 
6 2.00 0.291 5.85 x lOI 59.8 2.64 1.91 4.09 
7 2.03 0.292 5.82 x 10’2 59.8 264 1.91 3.85 
8 2.01 0.291 5.71 x 10’2 59.4 2.64 1.93 3.33 
9 1.96 0.293 6.13 x lo’* 60.8 2.64 1.93 3.38 

10 2.13 0.294 5.95 x 10’2 60.7 2.64 1.90 3.03 
11 1.97 0.294 6.37 x 1Ol2 61.7 264 1.91 3.74 
12 2.19 0.295 2.71 x 1Ol2 50.0 2.64 1.54 3.22 
14 2.07 0.303 3.87 X lOI 56.1 264 l-54 3.71 
15 2.06 0.305 5.92 x lo6 0.61 0.81 l-86 2.99 
16 2.19 0.309 4,77x 10’2 60.3 2.64 1.53 3.51 
17 2.21 0.310 4.70 x 10’2 60.2 2.64 1.52 3.54 
18 1.56 0.493 1.68 x 109 4.145 0.81 1.85 3.36 
19 1.30 0.587 1.55 x 10’0 8.39 0.81 1.87 3.18 
20 1.12 0.699 1.24 x 10” 16.78 0.81 1.87 3.03 
22 0.998 0.795 1.62 x lOlo 8.5 0.60 1.86 3-40 
23 1.07 0.829 9.33 x 10” 33.0 0.80 1.87 2.72 
24 1.01 0.905 2.84 x IO’* 47.6 0.81 1.86 3.50 
25 1.05 0.964 6.03 x lOI 61.2 0.81 1.86 3.40 
26 1.10 0.966 5.98 x 10’2 61.2 0.81 1.85 3.24 
27 0.891 1.027 3.27 x 10” 23.3 0.60 1.84 3.21 
28 0.886 1.140 5.22 x 10” 21.8 0.45 364 266 
29 0.855 1.210 2.36 x lOI 45.0 0.60 1.84 3.36 
30 0.880 1.336 3.63 x lOI* 41.5 0.45 364 2.97 
31 0.775 1.364 3.05 x 10” 22.8 0.45 1.84 2.82 

. 32 0.695 1.616 2.25 x 10’2 44.5 0.45 1.84 2.63 
34 0.833 1.466 2.51 x 10’2 45.4 0.492 1.94 2.56 
38 0.706 1.621 5.25 x 10” 26.7 0.387 1.94 3.59 
39 0.752 1.799 1.58 x 10’2 40.6 0.387 1.94 3.62 
44 O-516 3.529 1.69 x lOI2 39.8 0.198 1.88 3.60 
48 0.420 6.789 7.18 x 10” 30.0 0.096 1.88 3,39 

RaL 
L 

(cm) 
d AP SC 

(mm) (kg/m3) (X lo+) 

appropriate exponent 4 instead of 4 in Eq. (4), lent flow conditions are summarized in Table 2. 
we obtain A plot on double-logarithmic scale of ShR vs. 

RaR is shown in Fig. 9. Within experimental 
1 

7 = R RtZI,3 = RaR1/J’ 
accuracy all data fall on a straight line, not- 

(45) withstanding a twenty-fold variation in L/R. 
With about 90 per cent confidence limits the 

Apparently the mass transfer process can now corresponding empirical correlation was found 
be characterized, independently of the vertical to be 
coordinate, solely in terms of Ra, Sh, = (O.~~+O-OS)RU,~~~. (47) 

ShR = (Sh), =f4(RaR). (46) The experimental range of variables was 2.9 < 
RaR < 400; 3700 c L/R < 78000; 2500 < SC < 

The electrochemical measurements under turbu- 3800. 
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Table 2. Turbulent free convection ShR = 0-13RaR1’3. (49) 

Number of 

the ex- L d Ap SC 
Periment Sh, RaR (cm) (mm) (kg/m3) (X lo-“) 

35 1.08 398 90.6 0.492 l.94 2.56 
36 1.23 398 182.8 0.492 1.94 2.55 
37 1.20 400 366.2 0.492 1.94 2.59 
41 0.884 200 102.2 0.387 1.94 3.71 
42 1.027 201 182.8 0.387 1.94 3.76 
43 0.972 202 371.9 0.387 1.94 3.80 
45 0.702 26.0 83.8 0.198 1.88 3.65 
46 0.829 26.0 170.8 0.198 1.88 3.67 
47 0.811 26.1 369.0 0.198 1.88 3.72 
49 0.547 2.94 58.1 0.096 1.88 3.36 
50 0.672 2.94 104.4 0.096 1.88 3.32 
51 0.676 2.94 190.8 0.096 1.88 3.33 
52 0641 2.94 361.9 0.096 1.88 3.34 
53 0.637 2.98 64.2 0.096 1.91 3.24 
54 0.663 2.98 101.7 0.096 1.91 3.25 
55 0.672 2.98 195.8 0.096 1.91 3.23 
56 0.613 2.98 374.3 0.096 1.91 3.25 

I -Ro, I 

Id, / ’ 
102 IO3 lo4 

Fig. 9. Mass transfer by turbulent free convection at vertical 
cylinders. Results of electrochemical measurements are 

indicated by 0. 

The correlation for natural convection heat 
transfer from vertical wires to air, in the range 
IO-* < Ru, < 10-l, by Mueller and Jakob[25], 
can be written in the form 

E. RAVOO, J. W. ROTTE and F. W. SEVENSTERN 

Apparently, the effect of the curvature is to in- 
crease the rate of mass transfer, just like in the 
laminar case. As indicated in Fig. 9, this influ- 
ence becomes more important with decreasing 
Ra,, whereas above Ra, = 800 a cylinder may 
be expected to behave as a flat plate. It should 
be kept in mind that this picture is restricted to 
turbulent flow. 

11. TRANSITION TO TURBULENCE 

As shown in Table 3, the transition from 
laminar to turbulent flow was observed at 
5 x 1012 -=c RQ, < 7 x 1012. In as far as con- 
clusions may be drawn from these data, it looks 
as if with increasing L/R the transition takes 
place at a somewhat lower Rayleigh number. 
Fouad and Ibl[26], investigating free convection 
during electrodeposition of copper on vertical 
flat electrodes, found the transition to occur at 
RaL = 4 X 1013. This points to a destabilizing 
effect of the transverse curvature. As we shall 
see in Table 4, this tendency is confirmed by 
theoretical considerations. 

In contrast to these observations in systems 
with quasi-infinite Schmidt number, the transi- 
tion region in thermal free convection usually 
lies at Ra,, values between lo8 and lOlo. Since 
most of the heat transfer studies have been done 
with water and air, the different behaviour of 

Table 3. Transition to turbulence 

NuR = 0*62RuRo”. 

Considering the different experimental conditions 
this is surprisingly close to our correlation (47). 

For vertical thick cylinders and flat plates the 
generally accepted correlation [25] for turbulent 
free convection can be formulated 

Number of RaL LIR SC Gr,=Ra, Type 
the ex- SC SC2 of 
periment (X 10-12) (x10-3) (X 1@3) (X 1 O--5) flow 

4 0.143 0.143 3.20 0.14 Lam. 
44 1.69 4.02 3.60 1.30 Lam. 
34 2.51 1.84 2.56 3.86 Lam. 
16 4.77 0.456 3.51 3.88 Lam. 
49 5.21 12.10 3.36 464 Turb. 

6 5.85 0.453 4.09 3.51 Lam. 
40 5.94 3,35 3.68 4.39 Trans. 
25 6.03 1.51 3.40 5.21 Lam. 
11 6.37 0.468 3.74 4.55 Lam. 
53 7.13 13.40 3.24 6.96 Turb. 
45 15.7 8.46 3.65 11.9 Turb. 
41 29.5 5.29 3.71 21.4 Turb. 
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Free convection mass transfer at vertical cylinders 

Table 4. Evaluation of instability criterion 

Specification Thin cylinder; y + m Flat plate; y -+ 0 
SC -+ m SC+ m 

Flat plate; y 4 0 
sc= I 

Mass transfer 
equation 

Eq. (27) Eq. (Ikf,(Sc) = I Eq. (l);f,(Sc) = 0.799 
2x 

o=In2y=In- 
1.99x 2.52x 

R Ra,‘i4 
ci= l.99y=m a = 2.52y = - 

R Ra,“’ 

Maximal velocity Eq.(l3);i=e”;a-+m Eq.(l3);i=e”;ol+O Numerically derived 

u 2&U,,, 
u e2a 2x2 u o2 1 .32x2 

from velocity profile 

max = gflACRZ 
_- max = T - R2Rn,W! “Iax = -j- = RZRn,I12 forbc= l;yanda-zO 

Resulting 
criterion 

Cr, > 2.3~2 
SC - 

u 0.82~~ 
max = 0.129012 = ~ 

R2RalliZ 

Ra,li2 
0.41 sc z K 

Gr, > 5.9K= 
SC 

mass and heat transfer might well be attributed u 
to the difference in Schmidt and Prandtl num- 
bers. The question may be raised whether the 
Rayleigh number is an adequate criterion for 
this transition. 

To examine this problem, let us again consider 
the velocity profile. As long as the flow is lam- 
inar, the ratio of the hydrodynamic and the con- 
centration boundary layer thicknesses is of the 
order of SC’/~. As illustrated in Fig. 10, the maxi- 
mum velocity, resulting from the interaction of 
buoyancy and viscous forces, will always be 
located within the concentration boundary layer. 
All other variables being equal, the position and 
magnitude of the maximum will depend on the 
Schmidt number. In analogy to the case of forced 
convection (see e.g. Schlichting[3]), it seems 
reasonable to assume that instability will occur 
at a distance x from the leading edge, such that 

Fig. 10. Velocity maximum during free convection for some 
typical values of the Schmidt or Prandtl number. 

tion. For some special cases the instability 
criterion has been evaluated. The results are 
summarized in Table 4. 

4nax x 
5 K. 

Y 
(50) 

Here the constant K is comparable to a critical 
Reynolds number. The maximal velocity urnax 
can be derived from the velocity distribution, 
when cx is known from the mass transfer equa- 

Distance from wall 

As may be seen, in all cases the quotient 
Gr/Sc = Ra/Sc2 rather than the product Cr. SC = 
Ra appears to be crucial. Furthermore the results 
confirm the observed destabilizing influence of 
the transverse curvature. In Table 5 the theoreti- 
cal criteria are checked with some transition 
data reported in the literature. Taking into 
account the uncertainty involved in the deter- 
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Table 5. Comparison of transition data for vertical free convection 

System Heat transfer 
in air 

Heat transfer 
in water 
and oils 

Geometry 
Flat plates, Flat plates, 

thick thick 
cylinders cylinders 

Reference Eckert and 
Jackson; see [3] 

Transition 
region, Ra,, 108-10’0 

SC or Pr -1 

Touloukian, 
Hawkins and 

Jakob; see [25] 

lo’O-lo” 

2.4-l 18 

Gr,orGTL 
SC Pr 

108-10’~ 7x106-2x109 

Electro- 
deposition 
of copper 

Flat plates 

Electro- 
reduction 

of FeKZN&.- 

Thin wires 

l-ouad and Ibl 
I261 

This work 

10’3- 10’4 5 x 10’2-7 x 10’2 

- 2500 - 3500 

1.6x 106-1.6x lo7 4x105-7x 105 

K 4x103-4x104 103-3 x 104 8x102-3x103 6x102-8x102 

mination of the critical Rayleigh numbers, and 
the approximative character of the theory, the 
agreement is satisfactory. The value of K follow- 
ing from these data would be about 103. This is 
much lower than the critical Reynolds number 
for forced flow parallel to a flat plate, where the 
transition takes place at Re, = 3 X 105. The 
difference may well be connected with the occur- 
rence of a point of inflexion in the natural con- 
vection velocity profile. According to the current 
theories of turbulence[3], this would make the 
profile unstable. 

12. CONCLUSIONS 

From our work the following conclusions may 
be drawn. 

(a) The effect of the transverse curvature is to 
increase the rate of mass transfer at vertical 
cylinders, by laminar as well as turbulent free 
convection. In both cases this influence becomes 
noticeable when the concentration boundary 
layer thickness exceeds one tenth of the radius 
of curvature. 

(b) The proposed theory for laminar free con- 
vection mass transfer at vertical cylinders in 
systems with infinite Schmidt number is in agree- 

ment with electrochemical measurements at 
SC = 3000. The theory may be generalized to 
non-infinite Schmidt number systems by means 
of the function fi(Sc or Pr). This leads to good 
agreement with heat transfer measurements in 
water with Pr = 5. The best agreement with 
experimental data is obtained for yL > 1. For 
lower values of yr, the theory as well as the ex- 
perimental techniques become less accurate. 
For yL < 0.1 the use of the exact flat plate solu- 
tion is to be recommended. A simplified mass 
transfer correlation may be used for very thin 
cylinders, as long as the flow remains laminar. 

Cc) Turbulent free convection mass transfer 
at vertical cylinders is solely dependent on Ra,. 

For thin cylinders the limiting current density 
measurements are in remarkably good agreement 
with heat transfer data for wires in air. The com- 
bined data lead to the general correlation 

ShR = 0-6Ra,ll1°. (51) 

The results indicate that thick cylinders with 
Ra, > 800 behave as a vertical flat plate. 

(d) The transition from laminar to turbulent 
flow takes place at a critical value of Gr,/Sc, 
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corresponding to Re, i= 107. This is in agree- 
ment with other observations for free convection 
mass and heat transfer in vertical systems over 
a wide range of Schmidt and Prandtl numbers. 
The observed, slightly destabilizing, effect of 
the transverse curvature is confirmed by theoreti- 
cal considerations. 

(e) Notwithstanding its multi-component char- 
acter, the electro-reduction of ferricyanide ions 
is a reliable model reaction for free convection 
studies in cylindrical systems. For laminar flow 
the results are consistent with theory and heat 
transfer data for water. The measurements under 
turbulent flow conditions closely agree with heat 
transfer results in air. The less satisfactory 
results for relatively thick and short cylinders 
can be attributed to end effects. 
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NOTATION 

concentration, kmoles/m3 
interfacial concentration, kmoles/m3 
bulk concentration, kmoles/m3 
diameter of cylinder, m 
diffusion coefficient, m2/sec 
function of SC or Pr 
functions of y 
function of RaR 
Faradayic charge = 9.65 X 107~A~sec~ke~uiv~ 
gravitational acceleration, m/se? 
Grashof number 
limiting current density, A/m2 
limiting current, A 
definite integral in Eq. (17) 

k 
K 
L 

AlI: 

P”, 

R’ 
Ra 
Re 
SC 
Sh 

t 

: 
X 

Z 

mass transfer coefficient, mlsec 
critical value of Re, 
length of cylinder, m 
electrons transferred to reacting ion 
Nusselt number 
exponent, varying between $ and 1 
Prandtl number 
radial coordinate, m 
radius of cylinder, m 
Rayleigh number 
Reynolds number 
Schmidt number 
Sherwood number 
transference number 
velocity in vertical direction, m/set 
dimensionless velocity; Eq. ( 14) 
vertical coordinate, m 
valency of ion 

Greek symbols 

equal to l/ShR 
densification coefficient, m3/kmole 
curvature parameter; Eq. (4) 
concentration boundary layer thickness, m 
dimensionless concentration; Eq. (8) 
kinematic viscosity, m2/sec 
density, kg/m3 

Subscripts etc. 

III ferricyanide ions 
II ferrocyanide ions 

OH hydroxyl ions 
x related to x 

R related to R 
L related to L 

0 average 
A bulk minus interface 
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R&urn&--L’influence de la courbure transversale sur le transfert de masse ou de chaleur en convec- 
tion libre, & des cylindres verticaux, est ttudite. Les coefficients de transfert de masse ont CtC deter- 
mints B partir des mesures de la densitC du courant iimite, utilisant I’Clectroreduction des ions de 
ferricyanure comme la reaction modtle. L’Cvaluation des variables sans dimensions du transfert de 
masse B convection libre pour ce systbme conduit g des r&ultats stirs. 

Les rCsultats obtenus en regime laminaire montrent un accord satisfaisant avec les pr&isions 
thioriques, basCes sur une approximation de Pohlhausen pour le nombre infini de Schmidt ou 
Prandtl, et avec les mesures de transfert de chaleur dans I’eau. La thCorie et les exphriences devien- 
nent de plus en plus prCcises avec I’accentuation de la courbure. Le comportement limite pour des 
cylindres t&s Cpais et infiniment minces est discutC. Pour des cylindres minces en rCgime turbulent. 
les mesures Clectro-chimiques sont en accord Ctroit avec les don&es de transfert de chaleur dans 
I’air. L’information combinCe conduit & la co&lation ShH = 0,6 RaRlfxo, tandis que des cylindres 
Cpais avec Rax > 800 se comportent comme une plaque plate. 

L’tvidence empirique et thtorique indique une valeur critique de Gr,/Sc. correspondant B 
Re, = 103, pour la transition de I’Ccoulement laminaire g I’CcouIement turbulent, avec une influence 
1Cgke d’instabilite B la courbure. 

Zusammenfassung- Die Wirkung der querlaufenden Kriimmung auf Wkme- und stoffibertragung 
bei freier Konvektion entlang vertikalen Zylindern wurde untersucht. Die Stofftibertragungskoeffi- 
zienten wurden aus Messungen der Grenzstromdichte, unter Verwendung der Elektroreduzierung 
von Ferricyanidionen als Modellreaktion, bestimmt. Die Bestimmungs weise der dimensionslosen 
Stofibertragungsvariablen bei freier Konvektion fiir dieses System fiihrt zuverl6ssigen Resultaten. 

Die Werte im Laminarbereich stimmen gut iiberein mit theoretischen Vorhersagen auf Grund 
einer Pohlhausen-Nsherung fiir unendliche Schmidt oder Prandtl Zahl, sowie mit Messungen der 
WCrmeiibertragung im Wasser. Mit stlrkerer Kriimmung stimmen Theorie und Praxis mehr und mehr 
genau iiberein. Das asymptotische Verhalten fiir sehr dicke und unendlich diinne Zylinder wird eriirtert. 

Fiir turbulente StrGmung an diinnen Zylindem stimmen die elektrochemischen Messungen gut 
iiberein mit Werten fiir die WPrmeiibertragung in Luft. Die kombinierten Werte fiihren zur Korrelation 
ShR = 0,6 Ran”“‘, wohingegen sich dicke Zylinder mit RaR > 800 wie flache Platten verhalten. 

Empirisches sowie theoretisches Beweismaterial deutet auf einen kritischen Wert von Gr,/Sc, 
entsprechend Re, i= I 03, als ein Kriterium fiir den ubergang von laminarer zu turbulenter StrGmung 
hin, mit leichter Entstabilisierung durch die Kriimmung. 
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