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Exact ground states are constructed for a class of linear antiferromagnetic spin systems with 
isotropic interactions. A simple example of such a spin system is already known in the literature. 

I. Introduction 

There exists a growing interest in antiferromagnetic spin systems for which 
exact ground states can be constructed of a special type. In these ground 
states the spins are ordered in singlet pairs. The first example of such a 
system Was given by Majumdar and Ghoshl). A further analysis was given in 
a paper by Majumdar2), and the exact proof of the result of these authors for 
an arbitrary number of spins was given by Van den Broek3). 

Recently, it was shown that analogous ground states with singlet spin pairs 
also exist for a class of two-dimensional systems4). Characteristic for these 
ground states, for the one- as well as for the two-dimensional examples, is the 
absence of long-range order, which suggested the term "quantum spin liquid 
phase". The spin ordering is related with the one already proposed by 
Anderson 5) for the ground state of the triangular lattice. In the latter example, 
however, the pair bonds are fluctuating between different pairs, whereas for 
the exact results 1-4) these bonds have a fixed position in the lattice. For the 
one-dimensional example ~-3) the ground state is always twofold, correspond- 
ing with the two possibilities for the subdivision of the lattice into neighbour 
pairs. 

Ordering in singlets exists for isotropicl-3), as well as anisotropic 4) inter- 
actions. In this paper a generalization of Majumdar and Ghosh's result is 
given in such a sense that the interaction is not restricted to nearest and 
next-nearest neighbours. In their model the strength of the interaction be- 
tween next-nearest neighbours is one half of that for nearest neighbours, and 
both interactions are isotropic. In the following sections a general class of 
Hamiltonians will be considered, also with isotropic two-spin interactions, but 
with a longer range. This class is introduced in section 2 and in section 3 
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conditions for the existence of a "singlet-pair state" (S.P.S.) are formulated. 
The S.P.S. is the ground state for  a restricted set of Hamiltonians, which is a 
subset of the one defined in section 3. This will be shown in section 4. 

For these special Hamiltonians the interaction has a given range and for 
pairs within this range the interaction constant  is a linear function of the 
distance. A short discussion of this result concludes this paper. 

2. The Hamiitonian 

As a consequence of the character  of the proposed ground state only even 
numbers (2N) of spins are considered. A general Hamiltonian, which is 
translational invariant and which contains only isotropic two-spin inter- 
actions, will be of the form 

2N N - I  

H = 4 .=~ ~__1= ~(n)S, • S,+~, $2~+, ~- $i, S = ~, N ~> 3. (1) 

Restriction is made to spins ½ and H obeys periodic boundary conditions. The 
restriction of the range of ~/(n): n <~ N - 1 ,  does not seriously impair the 
generality of (1), but avoids the complication that two spins in (1) are coupled 
in two ways along the chain. 

The Hamiltonian of refs. 1-3 corresponds with the special case 

{~/(2)=½T(1)>0, ~/ (n)=0,  for 3 < ~ n ~ < N - 1 } .  (2) 

For  this special case the S.P.S. is an exact  ground state. In the next  section 
general conditions in terms of the v(n) are formulated,  for which the S.P.S. is 
an exact stationary state. The relations (2) give a special example of these 
general conditions. 

3. Exact singlet-pair state 

In order to derive conditions for  the existence of an exact  S.P.S. the chain 
is divided into cells of two spins 3'6) 

{S2~-1,$2k}, k = 1,2 . . . . .  N, (3) 

and the Hamiltonian (1) may be written in terms of a part representing the 
internal interactions within the cells: /40, and a term corresponding with the 
interactions between cells: H ' .  Expressions for H0 and H '  are 
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N 

k,l, H0=XH0k. H0k=4  l)S2k 'S2k, H' 

H~,l = 4[~/(21 - 2k - 1)S2k " S2H + T(2I - 2k)(S2k-l " S:l-i + S:k " $21) (4) 

+ T(21 -- 2k + l)S2k-i " S2t], 

~ / (n )=0 ,  for n > n 0 = 2 [ - N - ~ ] .  

'The restriction of the range of ,/(n) given in (4) is chosen in order to avoid a 
twofold coupling of cells along the chain. It  is somewhat  narrower  than the 
one originally introduced in section 2. So far only an upper  bound for the 
range is given. In actual examples  it may have a lower value. 

Now an expression for the S.P.S. will be given first. This state is the direct 
product  of singlet states of  pairs, for which one may  choose ( 2 k - 1 ,  2k), 

k = 1 . . . .  ~ N. It  may be writ ten 

N 
I¢'o > -- Io), × Io)  x . . .  x Io),,, -- Io),,, (5) 

the symbol  [0)k denoting the singlet state for  the pair ( 2 k -  1, 2k). As was 
stated in the introduction, there is a second state of  an analogous form, which 
corresponds  with the pairs (2k, 2k -4- 1), k = 1 . . . . .  N. It  is immediately clear 
that [~o) is an eigenstate of H0, defined in (4), 

H0[ ~0) = - 3NT(1)[ ~0). (6) 

For  the special case that every  H~.~ may  be written in the form 

H ~, 1 -~ 4[(OtklSEk_ l + [~klS2k) ° (S21_ 1 "4- S21 ) -~- (S2k_ I "4- S2k ) • ([3klS21_ 1 + OLkIS2I)] , (7)  

it is also an eigenstate of every  H~j and consequent ly  of H '  and the total 
Hamil tonian H. Both terms in (7) have the eigenvalue: 0 for  the state 14~0), 
because  of the fact  that the first contains the total spin of the lth cell and the 
second of the kth cell. For  reasons of symmet ry  the pa ramete r  set (ak~, [3kt) 
should be the same in both terms. 

Compar ing the express ions  for  H~.~ in (4) and (7) one finds the identities 

2akl = T(2I - 2k + 1), Otkl +/3kl = 3'(2l -- 2k), 2/3kl = y(21 -- 2k - 1), (8) 

which, af ter  eliminating of Olkl and/3k~, results in the conditions 

3 , ( 2 t - 1 ) + ' y ( 2 t + l ) = 2 T ( 2 t )  ( t  = 1,2 . . . . .  [ - ~ - [ ] ) ,  
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Solutions of the equations (9) have the following form: 

r (2s )  = ½v(2s - 1); r ( n )  = 0 (n > 2s). (10) 

So the conditions for the existence of an eigenstate of H of the form (5) are 
formula ted  in terms of a set of linear relations. These relations imply that the 
set ~/(n) contain s free parameters ,  i.e. 3,(2t - 1) (t = 1, 2 . . . . .  s). 

4. Exact ground state 

For  I@o) being a ground state for  H additional conditions for  the v(n)  
should be formulated.  In this way a set 3,(n) will be found that  obeys  (10) but 
that contains only one free parameter ,  instead of s. Then the interaction is 
fully determined by the strength for nearest  neighbours and its range 2s. It  
turns out that  ~/(n) should be a linear function of n for n ~<2s. It  is 
questionable whether  or not these paramete r  sets are the only ones for  which 

140) is a ground state. 
The derivation in this section is an immediate  generalization of the analysis 

given by  Van den Broek 3) for  sys tems with nearest  and next-neares t  neigh- 
bour  interactions only. Now the Hamil tonian is subdivided in the following 
way: 

2 N  

H = ~  ~ ,  

/qi = 413(1)(Si • Si+l + Si+~. Si+2+ • • • + S~+2s-1 • Si+2s) 

+ 8(2)(Si • $i.2+ Si+t" $i+3+ • • • + $i+2s 2" $,+2s) 

+ 8(2s)S~ • S~+2,], (11) 

each H~ corresponding with a set of  2s + 1 consecut ive  spins. This subdivision 
will be used for  a given range 2s. In te rms of the set 3(i) (i = 1 . . . . .  2s) the 
Hamil tonian H may be writ ten 

2 N  2s 

H = 4 ,~= ~--1 (2s - n + 1 ) 8 ( n ) S i .  &+,~, (12) 

and f rom (1) and (12) it immediately  follows 

3,(n) = (2s - n + 1)8(n) (1 ~< n ~< 2s). (13) 

For  a special choice of the parameters  8(n) the subdivision (11) may be used 
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to find a lower bound of the lowest eigenvalue of H, i.e. for 8 (0  = 8 0 )  (i -- 1, 
2 . . . . .  2s) and 8(1) > 0. For  that choice one may write 

2 
1 r 1)3], 8(1) 0, (14) 

with a lowest eigenvalue 

28(1)[ 3 -  (2s + 1) 3] -- - 3s8(1) = - Iv( l ) ,  3'(1) > 0. (15) 

The sum of the lowest eigenvalues of the 2N different /4~ gives a lower 
bound for the lowest eigenvalue of H, which results in a lower bound for the 
lowest energy per spin E 

e >t - ~3'(1). (16) 

It is easily checked that the parameter  set 

2 s - n + l  
3'(n) = (2s - n + 1)8(1) - 2s 3,(1) (1 ~< n ~< 2s), 

3'(n) = 0 (n > 2s), (17) 

obeys the Conditions (10). So the state [q~0) defined in (5), which is a S.P.S., is 
also an eigenstate of H for the parameter  sets (17) and the eigenvalue is in all 
cases: -3N3' (1) .  So the lower bound (16) for the energy per spin is reached 
for the state [~0), which is shown to be an eigenstate of H with the lowest 
possible eigenvalue: - 3N3'(1). 

In this way an exact  ground state of H has been constructed,  from which a 
second one may be derived by replacing each spin i by its neighbour i + 1 as 
was already indicated in the introduction. It is possible that also for other 
parameter  sets the two singlet-pair states are ground states. This is a subject 
of further  studies. 

5. Discussion 

So far there exist only a restricted number of exactly solvable (one- 
dimensional) quantum-spin systems. In review papers by Lieb, Schultz and 
Mattis 7) and Thomson s) these systems are discussed in much detail. For  the 
spin chains discussed in this paper, being generalizations of a model analyzed 
by Majumdar and Ghoshl), Majumdar 2) and Van den Broek3), only exact  
ground states have been found so far. For  the model of Majumdar c.s. it is 
possible to construct  some exact  excited states, as is reported elsewhereg). 

It may be remarked that the parameter  set (17) does not obey the condition 
formulated by Lieb and Mattis ~°) for the existence of a ground state with 
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m i n i m u m  spin. This  is no t  a con t r ad i c t i on  because  the cond i t ion  fo rmula ted  

by  these  au thors  is no t  a n e c e s s a r y  one.  

Note added in proof. Recen t ly  the au thor  d i scove red  that  cond i t ion  (9) was  

fo rmu la t ed  i n d e p e n d e n t l y  by  D.J. Kle in ,  J. Phys .  A15 (1982) 661. 
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