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Model calculations of the electrodynamic properties of superconducting composites are 
usually carried out assuming that the material constants, such as critical current density 
and resistivity, are uniform over the cross-section of the composite, or at least rotationally 
symmetric. Also, the applied field is usually considered to be uniform over a distance 
compared to the composite diameter. In this paper the possibility will be discussed that 
non-uniformity in field and material properties may cause significant non-uniformity in 
heat production so to disturb the local temperature pattern and form sources of 
instabilities and quenches. The influence of the cooling conditions on the transport 
current-carrying capacity in the a.c. regime is also discussed. 
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Nomenclature (all units SI) 

r, ~, z 
Or, a~, a z, O, 
B 
B A 
E 
I A 
J 
Jc 
k 
r l  
r2 
R 
t 
T 
Tc 
T~ 
T. 

Tf 
Tm,x Cylindrical coordinates 

Partial derivatives Ts 
Tsta~ Magnetic inducation vector a 

Applied perpendicular field h 
Electric field vector 63 
Applied current amplitude 
Current density vector 
Critical current density °i 
Applied field-to-current ratio Subsc r i p t s  
Inner radius of filamentary zone 
Outer radius of filamentary zone r 
Wire radius 
Time z 
Temperature c 
Critical temperature _L 
Equilibrium temperature 
Temperature of bath (heat sink) II 

Temperature in filamentary zone 
Maximum temperature in a cycle 
Temperature in stabilizing material 
Starting temperature 
Electrical conductivity 
Thermal conductivity 
Value of B averaged over ,p 
Value of E averaged over (p 
Value of j averaged over (p 

r-component 
(p-component 
z-component 
critical value 
component perpendicular to filament 
direction 
component parallel to filament direction 

The application of superconductors in the a.c. regime of 
transport current and applied fields, especially in the 
power frequency range 5 0 - 6 0  Hz, encounters many 
difficulties. In principle, these are related to heat pro- 
duction and local increase of temperature, resulting in 
significant degradation of the transport current-carrying 
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capacity, sometimes amounting to 80%. Even then, 
'spontaneous' quenches occur far too often to allow 
application on a commercial and industrial basis in 
utility systems. 

At least three sources of heat production can be iden- 
tified. The first is the well-known electromagnetic 
power loss resulting from coupling and magnetization 
currents in the composite. Reduction of the filament 
diameter below 1 #m and increase of the matrix 
resistivity by using CuNi largely reduces this amount of 
power loss but, in doing so, the thermal transport and 
mechanical properties also are significantly changed. 
Other sources of heat production result from the 
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mechanical stability of the composite in the magnet. Due 
to the large Lorentz forces acting at double the fre- 
quency of the applied field and current, mechanical 
hysteresis may result in heat production. Finally, small 
wire motion and accompanying friction may release heat 
in unwanted catastrophic quantities. 

In this paper we shall confine ourselves to the first 
source of electrodynamic heat production and the re- 
sulting temperature profiles in the conductor. The prob- 
lem of isothermal heat production has been the subject 
of numerous studies in the past decades and it may seem 
that there is not much that can be added to it. Since, 
however, there is too large a discrepancy between 
established model calculations and experimental results 
in cases where mechanical sources of  instability have to 
be excluded, a careful review of  the established models 
was undertaken, and the results are presented below. 

As a guideline for our research we took the rule that 
local excessive heat production in a wire may cause 
unexpected quenching and as a consequence the 
influence of  local variations in material constants due to 
the production process, or local variations in the non- 
uniformity of the applied field, have to be studied. 

Transport equations in the filamentary region 

The cross-section of the composite superconducting 
wire, with radius R, consists of a ring-shaped filamen- 
tary zone, rl - r _ r2, and an inner and outer region of 
normal conducting, stabilizing material. The area frac- 
tion 7f occupied by the filamentary zone is given by 

7f = ( r2 -- r2)/R2 

If  7s~ is the volume fraction of superconductor in the 
whole wire the local fraction 7 of superconductor in the 
filamentary zone is then given by 

7 =7sc/7f 

Typical values of  7sc range from 0.1 to 0.4, whereas 7 
normally is larger than 0.5. The layout of the wire is 
shown in Figure 1. The effective values of  X, and o,, 
the thermal and electrical conductivity parallel to fila- 
ment direction respectively, are given by 

X)) = (1 - 7)Xo and oll = (1 - 7)ao (1) 

and o 0 are the isotropic bulk values of the matrix 
material. For the direction perpendicular to filament axis 
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only coarse-grained isotropic values of h± and o l  exist 
if the arrangement of filaments has a four- or six-fold 
symmetry. Then 

1 - 7  1 - 7  
X. = ~ + ~ h  o, ~r, . . . . . . .  o o (2) 

1 + 7  

if we assume that the filaments do not participate in the 
transport process, that is, they have to be considered as 
vacuum. The factor (1 - 7)/(I + 7) is a good approxi- 
mation for 7 < 0.6 for filaments of arbitrary cross- 
section and both symmetries. For round filaments and 
four-fold symmetry at 7 = 7r/4 = 0.79, however, 
k l = 0, since the filaments will touch each other and 
no conducting path will remain. 

In six-fold symmetry X.  will vanish at 
7 = T r / 2 ~ f 3 = 0 . 9 1 .  The function o 1 ~ )  has been 
investigated for values of 7 close to 7r/2x/3 by Kanbara ~ 
and Rem 2. In modern production technology, however, 
NbTi rods with matrix material are hexagonized before 
stacking them into billets. So the final filaments also 
have a more or less hexagonal cross-section. Now 
o l  (7) is non-zero for all 7 < 1. For 7 close to 1 in this 
case 

a1(7) = 2(1 - .j7)/(1 + ./r/)a 0 = 2__d a0 
2s + d  

where s and d are explained in Figure 2. 
For square filaments in a four-fold symmetry the same 

approximation holds, which is close to the general 7 
dependence given in Equation (2). Detailed investiga- 
tions on the behaviour of a±(7), and consequently 
X±(7), will be published elsewhere 3. As a conse- 
quence, the thermal and electrical conductivities are 
reduced by one order of  magnitude if 7 = 0.8. This 
reduces the coupling losses, but a steep temperature pro- 
file may be built up in the wire. The loss reduction may 
be even larger when Cu 0.5% Mn alloy is used in order 
to suppress the proximity coupling, as proposed for the 
SSC conductor" at the expense of  worse thermal condi- 
tions. 

The heat balance equation 

The heat balance equation in cylindrical coordinates in 
the filament region can be derived from the thermal 
transport equations 

C ---OT = div(X grad T) + p 
Ot 
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where p = j - E - M .  1~ is the local loss power 
density 2, j is the current density; E the electric field; M 
the magnetization and B the field rate. 

Due to twist of the filaments, with twist length Lp, 
the term div(X grad Tt) in the filamentary zone can be 
written as 5 

1 OrhrrarT f + 1 1 r  a x, , a Tf+-a, x, zazrf 
r 

1 
+ -  azX za Tf + azX=azTf 

r 

with 

X, = X± h~z = (XN -- h±)sin ff cos ¢/ 

k ~  = X± cos: ¢ /+ X. sin2C/kzz = X± sin 2 ff +kll COS2 

and the twist angle ff = arctan(Trr/Lp) 
In the untwisted stabilizing matrix material div(ho 

grad Ts) reads 

1 Or)~orOrTs + 1 r o,,,X,oa,,rs + O Xoazrs 

The boundary conditions read 

~OOr T = h ( ¢ ) ( T  - To) at r = R  

O~ T(r, ~o) + O~ T(r, ~o + 70 = 0 at r = 0 

T(r, ~, ± L ) = T  0 L~> R 

At the interface between filament region and stabilizing 
material 

X± arTf - XoOrT~ = O, r = r l, 1"2; with Tf(r) = Ts(r ) 

It may be noted that in this description the temperature 
in the filament region Tf is the same for the supercon- 
ductor as for the matrix. Collings 6 reviews the possibi- 
lity of temperature jumps at the superconducting 
f i lament-matr ix interface. Using the above calculation 
method, therefore, too small an increase of the tem- 
perature Te may be obtained. 

it has been shown 2 that 

Js = j ~ ( B ± ,  T)Em/Eo, if IE.I < E0 

Js = jc(B±,  T)sign(E0, if IEIII > E0 

For gf = 0, i.e. E0 = 0, the values of j~ with Ijs I < Jc 
will be determined by div j = 0 (see later). The mag- 
netization of round filaments carrying a transport 
currrent Js can be approximated by 

M± = (-4/37r)rl jcRf [ 1 - ( jJ jc)  2 ] sign(B±) 

For filaments of different cross-section, minor adapta- 
tions have to be made, which can be neglected, 
especially when Js/J~ differs significantly from 0. In 
cylindrical coordinates the constitutive equations now 
read 

Jr ~- (7 ± Er 

j~ = Js sin ff + o,~E~ + a~zE z 

j: = js cos ff + a¢zZ z + azzEz 

The dissipated power density is given by 

p = j • E - M± • B ,  

whenever the field change is larger than twice the 
penetration field of the filaments B v = 21zoj~Rf/~r. 

The Maxwell equations 

In this section a simplified model will be given for the 
heat production in a wire with poorly conducting 
matrix 2'7'8. The purpose of the model is to calculate the 
major contributions to the loss power density, in this 
case the thermal transport current loss juEu and the 
magnetization loss. Then, only ~ averages of the E, j 
and B components have to be considered• Defining the 
average value 12 of A by 

12 = (27r)-1~ A d~ 

we get for the Maxwell equations, since gr = ( ~ r  = 0 
everywhere: 

The loss power density p(r, ~, z, t) 

By analogy with the thermal transport equations the 
electric transport or constitutive equations can also be 
derived. 

j ±  = a ±  E ±  

JH = ~/Js + a, E~ 

Two expressions for j ,  may be considered, depending 
on whether we want to include the dimension for the 
filament or not. If we take R e ~ 0 and define 

8 
E 0 = ~ R e l B ± I  

1 tgrrS¢ = __Ot(~Z _10rr(3?j¢ = #0,h sin 
r r 

Or8 z = 0 , ( ~  --8r(~ z = ~0o~ll COS 

Taking Ell = go sin ~ + gz cos ~ the constitutive equa- 
tion reads 

ill =Jc(  BA, T)g , lgo ,  if I£,MI < 'go 

• B A )jl = Jc( , T)sign(80, otherwise; 8o = (8/37r)Rfl~± I 

The boundary conditions are 

(B,(r2, t) =/z0 IA sin cot/(27rr2), (Bz(r 2, t) = 0 
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(Be(r,, t )= O, 8~(rl, t )= -1/zrla,(Bz(rl, t) 

We consider an applied field perpendicular to the wire 
axis and proportional to the transport current BA(t) = 
kl A sin wt. 

For the critical current density a Kim relation is used, 
jc(B, 73 =joBo/(Bo + IBI), where both J0 and B0 de- 
pend linearly on T. 

J0 = joo(1 - T/T¢), B0 = Boo(1 - T/Tc) 

joo and Boo are chosen in such a way that j0(4.2) = 101° 
A mm -2, B0(4.2) = 2 T and Tc = 9.2 K. 

The simultaneous solution of the heat balance and 
Maxwell equations leads to the results depicted in 
Figures 3 to 6. At a low current amplitude, depending 
on the starting temperature Tstar t and the heat sink tem- 
perature Tb, either the average temperature will 
increase depending on the heat production and cooling 
conditions, or, depending on the current amplitude, a 
temperature Tmax in the wire will be reached twice in 
each period (see Figure 3). 

Figure 4 shows, that depending on the amplitude, the 
wire will either quench or cool down again, when the 
starting temperature equals the bath temperature. In the 
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Figure 3 T vs I loop of the conductor, during several cycles 
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Figure 4 T vs I curves at two values of the amplitude, one quen- 
ching (779 A) and one non-quenching (778 A) 
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Figure ,5 T vs I t ra jector ies for  a high start ing temperature:  
(a) k = 1 mT A - l ;  (b) k = 10 m T A  1. /A = 8OO A 

same way, for each starting temperature Tstar t > T b a 
current amplitude can be determined such that during 
cooldown the critical current It(T, B) is reached or not; 
see Figure 5 for such examples. 

Figure 6 compiles the data for two values of k, 1 and 
10 mT A -~, concerning the maximum temperature Tc 
that will be reached during each cycle whenever the 
starting temperature is lower than the line indicated by 
Tq. Note that the higher value of k determines the 
behaviour of the whole coil. 

Varying the amplitude of the transport current (and so 
the amplitude of the applied magnetic field) and the 
initial temperature of the conductor, two situations may 
o c c u r :  

If the initial temperature is suffiently low (at a certain 
current amplitude) there will be a state of equilibrium 
after a few cycles at which the average heat produc- 
tion equals the heat flow to the bath. The amplitude 
of the current is plotted against the maximum 
temperature in the conductor in the left branches of 
Figure 6 (indicated by To). 

600 

/,%. \ 
i T 

I y " \  , Te 

I ' ,?  ,x 

?e 
/ . ~ f  I I I I 0 u 
4 5 6 7 8 9 I0 

T (K) 

Figure 6 Stabi l i ty diagram for t w o  values of k: [ ] ,  1 mT A ~ 
×,  10 mT A - 1 .  For start ing temperatures smaller than Tq a stable 
si tuat ion wi th  max imum temperature Te wil l be reached 
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If the initial temperature is too high, a quench will 
occur before the current will reach its maximum 
value. The current at which the wire quenches is 
plotted against the maximum temperature in the wire 
at the moment of the quench. These values are  
represented by the two right branches of  Figure 6 
(indicated by Tq). 

Discussion 

In the above simplified example it was shown that large 
current reduction can be obtained due to the balance 
between heat production and cooling conditions. This 
balance can be disturbed in two ways: excessive heat 
production or reduced cooling. Excessive heat produc- 
tion may result from two sources: non-uniformity of the  
conductor layout and/or the local materials parameters, 
or non-uniformity of the applied field. The main source 
of  non-uniformity in the conductor layout is the produc- 
tion process resulting in large local variations of the fila- 
ment diameter. Variations up to a factor of two are 
possible. This results in low n values b e c a u s e  the  
transport current has to pass through the matrix when 
leaving the thin parts of the filaments. Also, the thick- 
ness of the interfilament layer may vary appreciably, but 
this is less significant for the local average values of the 
thermal and electrical conductivity. Nevertheless a 
global negative effect on the current-carrying capacity is 
expected. 

The second part of the balance, the reduced cooling, 
seems more important. Particularly in twisted 
(multistage) cables the strands will touch each other 
tightly, in order to prevent wire motion, but at the same 
time thermal contact with the helium is strongly 
reduced. This is in accordance with experimental obser- 
vations. Braided cables may have better cooling condi- 
tions, but lose some of their mechanical stability. Not 
only is heat production increased in wires subject to 
strongly inhomogeneous applied fields 9, but also 
saturated regions are formed in the centre of  the wire. 
Inhomogeneous applied field patterns may, for instance, 
result from current changes in neighbouring strands 

which are not cancelled by arguments of symmetry. In 
our model, saturated regions are responsible for high 
dissipation since the low electric matrix conductivity 
prevents part of the current sharing. 

Consequently, cabled conductors may lose a part of  
their current-carrying capacity compared to the values 
obtained in experiments performed on well-cooled 
single-strand coils. It is suggested that experiments on 
non-inductively wound coils may provide additional 
information on the balance between electromagnetic 
heat  production and cooling, since almost no mechanical 
instabilities are then expected due to the low Lorentz 
forces. 
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