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Abetract 

Based on finitely additive white n o k  theory, we 
may derive the likelihood ratio for random vari- 
ables with values in any Hilbert space [SI, [lo]. 
This include8 stochastic proceeses, defined on an 
one- or multi-dimensional continuous-parameter 
bounded domain. In certain circumstances, the 
likelihood ratio for continuous proceases may be 
computed directly. In general however, we will 
have to approximate the likelihood ratio. In this 
paper approximations for the likelihood ratios for 
continuous-parameter processes will be studied. 
Starting from a sequence of finite dimensional pro- 
jection operators in the Hilbert space, strongly 
converging to identity, we show that the likeli- 
hood ratios for the projected processes converge 
to the likelihood ratio for the original procees. 
Dkretisation of the stocha6tic proceas turns out 
to be one of the possibilitien for ruch approxi- 
mations. The direretisation method is expected 
to give good results for e n a b  satisfying elliptic 
PDE’s, because discretiation of these procemea 
leads to Nearest Neighbor models (I], (21, 191, for 
which the likelihood ratio has been obtained in 
P21. 

1 Introduction 

In finitely additive white noise theory, one- and 
multi-parameter white noise processes are consid- 
ered to be ‘weak random variables’ mapping the 
original probabfity space (n, A, P) into a Hilbert 
space. For continuous-parameter processes, this 
Hilbert space should be a function space, usually 
taken to be &J(D), the space of functions on the 
parameter domain D with finite energy. Thus de- 
fined, white n o b  processes are in general not ‘ran- 
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dom variables’ m clasaical sense since the measure 
induced by the process in the image space is not 
ensured to be countably additive over the Bore1 
a-algebra in the image space. 
The main advantage of finitely additive white 
noise theory over the claseical theory of stochae 
tic processes, is that it enables ua to define white 
noise in such a way that it can redly be seen as 
the natural extension of the notion of discrete- 
parameter white noire. The results obtained in 
this theory are precise limits of corresponding re- 
sults for band-limited processes and no correction 
terms (like Wong-Zakai correction) have to be in- 
troduced. 
One drawback of white noise theory is that we 
have to  work with measure6 that are only finitely 
additive. Thia lack of countable additivity how- 
ever can be compenerted by using the topological 
structure of the Hilbert space. For more about 
finitely additive white noise, we refer to [e], [SI, 

Baaed on finitely additive measures, it is quite 
eaey to determine the likelihood ratio for stochae- 
tic processes, as is pointed out in section 3. One 
requirement for the process is that it is ‘signal plus 
noise’, where the signal is a physical random vari- 
able. The derivation of the likelihood ratio is inde- 
pendent of the fact whether the process has a dis- 
crete or continuous parameter, or whether the pa- 
rameter is one- (mostly time) or multi-dimensional 
[6], [lo]. This expression for the likelihood ra- 
tio however contains terms, which in general can- 
not be directly expressed in computable form. 
Situations for which this problem is solvable are 
the c u e  where the process is cyclic, and the cade 
where we are able to derive the ‘one-directional 
filter’ (filtering in one direction, smoothing in the 
other directions of the parameter domain of the 
process) [lo]. An example for which this may 
solve the problem ia  a generalbation of Wong’a 
two-parameter model [ 111. 
In general however, we are not able to compute 
the likelihood ratio for the continuous-parameter 
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problem. Therefore, we may look for ‘good’ ap- 
proximations. In this paper we determine a class 
of approximations which are unbiased in a way we 
define later in this paper. Moreover, discretiation 
of the continuous-parameter process turns out to 
be one of the possibilities to approximate the like- 
lihood ratio. Especially for distributed parame- 
ter problems defined by means of elliptic PDE, 
discretization gives a very simple way to approxi- 
mate the likelihood ratio. Discretization of elliptic 
PDE results in a Nearest Neighbor model (NNM) 
[l], 121, 191, for which the likelihood ratio has been 
obtained in [12]. 

2 Preliminaries 

Let Y denote the observation process, which is 
the sum of signal and Gaussian noise, Y = S + N. 
Suppose that the process is defined on a bounded 
continuous-parameter domain D. The signal S 
and the white noise N are supposed to be indepen- 
dent processes (or operators), mapping the finitely 
additive probability space (or cylinder probability 
space) ( U , C , p c )  into ( U , C ) .  Here, U = Lg(D), 
and C the algebra of cylinder sets on U. p~ is 
the finitely additive canonical Gaussian measure 
on (U, C). The white noise process is equivalent 
to the identity operator, and is a weak random 
variable, which means that the measure induced 
by N is again only finitely additive. The signal 
operator S however is supposed to be a physical 
random variable which means that the measure 
ps, induced by the signal can be extended to a 
countable additive measure over (U, B) where B is 
the Bore1 o-algebra in U. The observation process 
Y = S + N is again a weak random variable. For 
details on these definitions, see 171, 161. 
Connected to a finitely additive measure p in 
(U, C), one can define a covariance operator R. A 
measure can be extended to a countable additive 
measure on (N, a) if and only if R is nuclear. The 
covariance operator Rs connected to the measure 
p s  is in fact nuclear. Rs is also said to be the co- 
variance operator of the physical random variable 
S. 
A finitely additive measure pl is absolutely con- 
tinuous with respect to another finitely additive 
measure p2 if for any E > 0, there exists a 6 > 0 
such that for any C E C, p z ( C )  < E implies that 
pl(C) < 6. A finitely additive measure p is ab- 
solutely continuous with respect to the canonical 
Gaussian measure p~ if and only if the covariance 
operator of p can be written as I + Rs where Rs 
is a Hilbert Schmidt operator. This implies that 
the measure induced by the observation process 
Y, py is absolutely continuous with respect to p c  
since it has covariance operator I + Rs where Rs 
is the covariance operator of p s  which is nuclear 

and hence Hilbert Schmidt. 

S The Iikelfiood ratio for 
continuous-parameter processes 

Let Y be the observation process defined on a 
bounded continuous (multi-parameter) domain D, 
and Y mapping into U = Ls (D). For observations 
inducing a countable additive measure on the im- 
age space, the likelihood ratio can be defined M 

the Radon-Nikodym derivative of the measure in- 
duced by the observation process, py,  with re- 
spect to some reference measure. The Radon 
Nikodym derivative exists if the measure py is 
absolutely continuous with respect to this refer- 
ence measure. 
In finitely additive white noise theory, however, 
the observation process does not induce a count- 
able additive measure on the image space, and 
therefore we need a modification of the defini- 
tion of Radon-Nikodym derivative. Let p~ be the 
canonical Gaussian (finitely additive!) measure on 
(U,C), and C denote the cylinder algebra in U. 
The likelihood ratio is defined to be the Radon- 
Nikodym derivative between the measures py and 
PG, formally 

More precisely, the Radon-Nikodym derivative be- 
tween finitely additive measures can be defined a 
the p~ physical random variable F : U -t R such 
that for each monotone increasing sequence of fi- 
nite dimensional projections {pk}, strongly con- 
verging to identity, 

r 

uniformly in C E C. Although this property 
should hold for any sequence of finite dimensional 
projections, strongly converging to identity, one 
may prove that it is sufficient to find a pc-physical 
random variable, and only one sequence of fi- 
nite dimensional projections, such that the above 
equality holds true. This gives the opportunity to 
define a suitable sequence of projections which en- 
ables determination of F, and hence the likelihood 
ratio. 
Therefore, let py be the measure induced by 
the observation process. Then p y  is a Gaussian 
finitely additive measure with covariance opem 
tor I + Rs, where Rs is nuclear. Let {&} be 
the complete set of orthonormal eigenfunctions of 
the operator Rs in such that &t$k = &#k 

and (#k,#j]M = 6k,j.  Note that such a et always 
exists, since Rs is a self-adjoint Hilbert-Schmidt 
operator. Define the sequence of projections {Pk},  
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Pk being the projection on the (finite- dimen- 
sional) space spanned by the first k eigenfunctions 
41 . . - t$k of Rs. Since RS is nuclear, the sequence 
of projections converges strongly to identity, 

for all f E X .  
Define the variables Yk = [#k,Y]u mapping into 
(R ,  8). Then Yk are pG-phySicd random variables 
and hence induce a countable additive Gaussian 
measure in (R, 8 )  with mean EYk and covariance 
l+&. Moreover, the variables {Yk} are mutually 
independent, Defined on R, the likelihood ratio of 
the measure induced by Yk is given by 

Define Fk(Y) = nZLj(Y) .  Then Fk(Y) is the 
Radon-Nikodym derivative between the measures 
py and p c  restricted to the cilinder algebra Cp, 
induced by Pk, which means that 

uniformly in C E Cp,. Using the fact that { P , }  
is a sequence, strongly converging to identity, it 
follows that 

r 

uniformly in C E C. According to  the definition 
of the Radon-Nikodym derivative for finitely ad- 
ditive measures, F defined by F = lim Fk is a p~ 
physical random variable, representing the likeli- 
hood ratio for the observation process Y ,  since 
F o Pk = F k .  Thie results in 

L(Y) = fi (1 + x&)-’/2 

1 

Using properties of infinite summation and mul- 
tiplication, and the fact that elements in U have 
finite energy, this expression may be rewritten as 

where EY is supposed to be zero (lo]. 
Application of the result above to practical situ- 
ations will cause problems, since computation of 
determinant and inverse of the covariance opera- 
tor is needed. In the situation where the param- 
eter domain is one- dimensional, the expression 

for the likelihood ratio may be rewritten into a 
form where only the filter operator for the signal 
S is needed. In the multi-dimensional situation, 
assuming for simplicity that D ia rectangular, we 
can use multi-directional Krein factorization in or- 
der to rewrite the expression for the likelihood ra- 
tio. The likelihood ratio then may be expressed 
in one-directional filters for the signal S, which 
means filtering in one direction, and smoothing in 
all other directions [lo]. This method has been 
succesfully applied to  a generalisation of Wong’s 
two-parameter model [ 111. 
Another situation where we may rewrite the likeli- 
hood ratio in a computable form ia the case where 
we assume that the domain D is cyclic. Then, 
using Fourier transforms, the eigenvalues of the 
covariance operator may be explicitely computed, 
and therefore the likelihood ratio. 

4 The likelihood ratio for ciiscrete- 
parameter processes 

For discrete-parameter processes, defined on a 
bounded domain, detection of the likelihood ratio 
is straightforward, in the sense that we only have 
a finite number of observation points. Let Y be 
the observation process, defined on the bounded 
discrete-parameter domain D, Y mapping into 
1 2 ( D ) .  Suppose that Y is Gaussian with covari- 
ance operator I + Rs, where RS is the covariance 
operator for the signal S. Since D is discrete and 
bounded, Ia( D) is finite dimensional, and automat- 
ically, I, Rs,  and I+Rs are nuclear. This ensures 
countable additivity of the Gaussian measures de- 
fined on the Bore1 a-algebra in this space. More- 
over, ( I p ( D ) , B )  is isomorf to (R”,B)  for so” n, 
denoting the number of elements in D. Transform- 
ing the observation process to R“ (for instance 
by taking the vector of all observations in lexico- 
graphic ordering), Y becomes a Gaussian random 
variable mapping into R”, with n x n-covariance 
matrix (I + Rs). The likelihood ratio for the ob- 
servation process then is given by 

L(Y) = det( l+ Rs)-l/’ 
exp ( - Y ~ ( I +  R ~ ) - ’ Y / z  + Y = Y / ~ ) .  

When the number of observation points is rela- 
tively large, computation of determinant and in- 
verse of the covariance matrix may demand con- 
siderable computational efforts. In certain circum- 
stances, the expression may be simplified. If we as- 
sume the parameter domain D to be cyclic, Fourier 
transforms may again help to find the eigenvalues 
of the covariance matrix. Even more convenient 
is the situation where we may assume that the 
stochastic model is Markov (in multi-parameter 
sense). In that case, the model for the process 
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may be written as a Nearest Neighbor model [l], 
[2], [SI. The structure of the NNm can be used 
for aimple computation of the covariance matrix's 
determinant and inverse (121. 

6 Approximation of the likelihood ratio 

In section 3 we mentioned that computation of 
the likelihood ratio for continuous parameter pro- 
cesses may cause problems, since determinant and 
inverse of the infinite dimensional covariance o p  
erator (I + Rs) is needed. In some situations the 
expression for the likelihood ratio may be rewrit- 
ten in computable forms, but what can be done in 
the general situation? The usual way is to try to 
find an approximation, and so we do. In this sec- 
tion we show how the finitely additive white noiuse 
setup gives a straightforward method for approxi- 
mation of the likelihood ratio, using finite dimen- 
sional projections. In section 3 it was pointed out 
that the likelihood ratio for a process Y defined 
on is given by the unique pc-physical random 
variable F : N + R such that for each monotone 
increasing sequence of finite dimensional projec- 
tions {Pk},  strongly converging to identity, 

uniformly in c E c. 
The likelihood ratio hence is defined via finite- 
dimensional projections, and this opens the way 
to approximate the likelihood ratio by its finite- 
dimensional counterpart t o Pk. 
Let {pk} be an arbitrary sequence of finite- 
dimensional projections, monotonically incre as- 
ing, and strongly converging to identity. Let Y k  
be the projection of Y on Up,, the image space of 
the projection Pk. Let Pk = Pk o Y, and- tk(y) 
the likelihood ratio for the model Y k  = X k  + N k .  
Theorem 6.1 The likelihood ratio for the pro- 
jected model converges to the likelihood ratio for 
the ohginal continuow parameter model if k tends 
to infinity in the dense that for and B > 0, 

Proof 
The Radon-Nikodym derivative F between py 
and pc is a pc physical random variable. This 
implies that F satisfies the property that for all 
4 > O,limk,,po(lFoPk-FI > 4) = 0. Since py 
is absolutely continuous with respect to pc, this 
also implies that p y ( I F o  P'FI > e) = 0, 
and h k , ,  p c ( l F  0 Pk(Y)F(Y)I > E) = 0 (note 
that Y maps (U,C,pc) into (U,C,py)). Now, by 
debition, Z(Y) = F(Y) which proves the theo- 
rem. 

The theorem proves, that any sequence of finite- 
dimensional projections, strongly. converging to 
identity, gives a sequence of likelihood ratios, con- 
verging to the likelihood ratio for the continuous- 
paramter stochastic process. This implies that 
approximation for instance holds for Fourier se- 
quences, wavelets, etcetera. In next section we 
show how discretization also fits in this setup. 

6 Discretiration 

Discretisation of the stochastic process is one 
method to approximate the likelihood ratio for the 
original continuous-parameter stochastic process. 
The feature of this method is that many results 
are known for determination of the likelihood r* 
tio for discretired models. 
In this section we will restrict to the case where 
the parameter domain D is two-dimensional and 
a rectangle, D = [O,Tl] x [O,T2]. Extensions to 
non-rectangular and general multi-parameter pro- 
cesses can be easily made. Very nice theoretical 
results are obtained for Nearest Neighbor mod- 
els, see for instance [12] and [9]. Discretization of 
a stochastic process governed by an elliptic par- 
tial differential equation leads to a NNm. Since it 
turns out that discretization leads to an unbiased 
approximation for the likelihood ratio, it may well 
be used for estimation of unknown (distributed) 
parameters in the model for the process. 
In order to derive that discretization is equiva- 
lent to finite-dimensional projection, we introduce 
a partition of D in parts 

for (jl,&) E (0, ..., 2k - 1)'. Let ht = 3 and 
h! = 4 be the horkontal and vertical stepsizes. 
Now define the set of orthonormal functions gf E 

where lD? is the indicator function. Let Pk be 
the projection operator on the finite-dimensional 
space Up, spanned by the functions g:. Then the 
space Up, denotes the set of square integrable step 
functions with horizontal step size h? and verti- 
cal step size h!j. Further, the sequence of projec- 
tions {Pk,k = 1, ...} is monotonically increasing 
and strongly converging to identity, which implies 
that this sequence may be used for approximation 
of the likelihood ratio. Since the functions 4 span 
Up, and are orthonormal in &(D),  the projection 
Pk is defined by 

L 
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Note that thir projection is equivalent to the dis- 
eretisation Gk : Lz(P) + iZ((0, ...,2k - 1j2), 

= lo;",fl 

One may easily verify that Gk indeed m a p  into 
the space of square summable functions. 
In the caae that we restrict oumelvea to the con- 
tinuous functions, C" (P) c L; (P), unbiaeedness 
of the approximation also hold8 for the situation 
where we obtain dirrcretisation via 8amphg. 

7 Concluding Remarks 

In this paper we derive approximations for the 
likelihood ratio for continuouo-parameter stochas- 
tic processes. We may conclude that any sequence 
of strocgly converging finite-dimensional projee- 
tions provideo an unbiased approximation. h- 
ther research has to be done on the problem which 
kind of projections are most suitable for particu- 
lar problems, in the sense that the approximation 
is efficient. Another question is how things work 
out for some particular problems, like the Poisson 
equation, etc. 
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