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1. Summary 

Subcritical instability in the two-dimensional in
compressible attachment-line boundary layer re
mains a topic of debate, after the apparently 
contradictory results of Hall and Malik (1986) 
on one hand and Spalart (1988) and Jimenez et 
al. (1990) on the other. Direct Numerical Simu
lation (DNS) results are presented, aiming at ad
dressing this question. Extensive numerical ex
perimentation has been performed and all rP
sults obtained suggest that the two-dimensional 
model equations describing leading edge bound
ary layer (LEBL) flow do not support solutions 
growing subcritically in Reynolds number, al
though the nonlinear neutral loop is seen to bi
furcate from its linear counterpart in a man
ner consistent with the predictions of the the
ory of Hall and rvf alik ( 1986). Nonlinear neutral 
loops have been obtained suggesting that the 
two-dimensional model LEBL flow is similar to 
the classical Blasius boundary layer in terms of 
the location, in parameter space, of the experi
mentally observed naturally occuring instability 
waves. 

2. Introduction 

The work of Hall et al. (1984) established that 
the eigenvalue problem (EVP) resulting from lin
ear analysis of the generalised Hiemenz (1911) 
flow (Rosenhead, 1963) adequately predicts the 
behaviour of small-amplitude disturbances ob
served experimentally by Pfenninger and Bacon 
(1969) and Poll (1979). However, LEBL flow may 
become turbulent at Reynolds numbers well be
low the linear critical value, R ~ 583, as ob
served, f.e., in the systematic experimental stud
ies of Poll (1979, 1985) and three-dimensional 
DNS of Spalart (1988). 

Receptivity being at its early stages of devel
opment (l\forkovin and Reshotko 1989) deter
ministic analytical models that may yield pre-

dictions for finite-amplitude disturbances pivot 
about the Stuart-Watson weakly nonlinear anal
ysis (Stuart. 1960; Watson, 1960). Hall and Ma
lik ( 1986) were the first to apply weakly nonlin
ear analysis and DNS to the LEBL flow. Their 
theory predicted that this flow may be poten
tially destabilised by finite- amplitude distur
bances and DNS results obtained by Hall and 
Malik, on a two-dimensional model. indeed yield
ed a value of critical R ~ .53.5. 

Spalart (1988), however, presented DNS results 
of instability and transition to turbulence with
out observing, in a number of three-dimensional 
runs performed, the subcritical behaviour pre
dicted by the Hall and Malik computations. Spa
lart(1989) used no a-priori assumptions on the 
form of the perturbations. in contrast with all 
other work to-date, both theoretical and numeri
cal, which invariably uses the Gortler-Hii.mmerlin 
(GH) form (Gortler, 1955: Hii.mmerlin. 1955). 
The simulations of Spalart, hmvever, provided 
evidence that use of this form is permissible. 

Jimenez et al. (1990) attempted to resolve the 
issue by considering, numerically. the two- di
mensional limit of LEBL flow, since it is on this 
model that the Hall and Malik theory yields the 
prediction of (nonlinear) subcritical behaviour 
in both wave- and Reynolds number. Jimenez 
et al. took the (generalised Hiemenz) stagna
tion point flow subject to the GH assumption 
as a model for their base flow and, performing 
extensive experimentation, concluded that the 
two- dimensional flow does not support subcrit
ical solutions; they suggested that the formally 
excluded (in view of the GH assumption) three
dimensional mechanisms may be responsible for 
the observed discrepancy between linear theory 
and experiment. 

Theofilis (1988, 1993) formulated the two- di
mensional LEBL flow as an initial-value-problem 
(IVP) and linearised about the generalised Hie-
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menz profile using the GH assumption. He ob
tained results of the IVP that were in line with 
the EVP predictions of Hall ct al. ( 1984). The 
model problem considered by Theofilis ( El88) 
\Vas shown. in the two-dimensional limit con
sidered, to respond to blowing/suction of the 
boundary layer in the manner predicted by the 
EVP in Hall et al. (1984) and the three-dimensio

nal D NS of Spalart ( 1988). 

In the present paper we relax the condition of 
smallness imposed on the perturbations and solve 
the resulting nonlinear problem. The points on 
which the numerical procedures utilised herein 
differ to those presented in Theofilis ( 1993) are 
briefly discussed in §3, where an alternative nu
merical method is presented for the solution of 
the EVP. In §4 results on the EVP ai1d both the 
linear and nonlinear IVP are presented. The sig
nificance of our nonlinear results with respect to 
the apparent disagreement between earlier two
dimensional stability results is highlighted. Con
cluding remarks are offered in §5. 

3. Numerical Methods 

The governing equations solved are those pre
sented in Theofilis (1993) with the additional 
inclusion of the nonlinear terms, also presented 
therein. The temporal model is adopted through
out (Kleiser, 1993); a Fourier expansion is as
sumed in the homogeneous spanwise direction, 
treated as periodic, and second-order finite-diffe
rences on a stretched grid are used in the normal. 
The implementation of stretching in the normal 
direction, as opposed to the uniform grid used 
in Theofilis (1993), was decided on grounds of 
efficiency but also in view of the fact that a 
uniform grid might only be relevant in calcu
lating the late nonlinear stages, which have not 
been addressed presently. Time-marching is per
formed by an implicit Crank-Nicolson scheme in 
view of (a) its stability properties and (b) the 
relatively short integration times in the present 
study. Further technical details may be found in 
Duck (1985) and Theofilis (1993). 

The forcing of the simulations is provided by 
choosing the wall normal perturbation velocity 
in spectral space to be a smootlhy varying func
tion of space and time. We have focussed on two 
forms of forcing, one jet-like, and one simulating 
ribbon excitation. The forms of these functions 
are given explicitly in Theofilis (1993). The for
mer is a short-lived function of space and time 
while the latter is a function with a paramet-

ric dependence on the frequency of the ma.xi
mally amplified linear mode. It should be men
tioned here that the terms jet and, especially, 
ribbon are used to provide only qualitative de
scription. Comparison of simulation results with 
experiments whose excitation is provided by, say, 
a vibrating ribbon, require the former to adopt 
the spatial model and three-dimensional calcu

lations. Neither of the two falls into the scope of 
the present study. 

Information on the EVP is desired for the non
linear computations. It was thought appropriate 
to obtain this information by a numerical ap
proach independent of that utilised for the simu
lations. The EVP system, of the Orr-Sommerfeld 
class, but not the Orr-Sommerfel equation (Poll. 
1978; Amal, 1992: Theofilis, 1994) is thus solved 
using spectral collocation based on Chebyshev 
polynomials. Of the results obtained the growth 
rate has been utilised to perform comparisons 
with those yielded by the IVP approach and the 
frequencies in order to force some of the nonlin
ear calculations described in the sequel. 

4. Results 

Results obtained may be classified as follows. 
Firstly, as mentioned, EVP results. Subsequently, 
linear IVP results which, when compared to the 
EVP results, provide validation of the IVP nu
merical approach. Finally, nonlinear results: the 
latter have been obtained under the two dis
tinct forms of the forcing function discussed ear
lier. The amplitude of the forcing function was 
utilised as a parameter to control the size of the 
disturbances initially introduced into the numer
ical solution. 

4.1. THE EIGENPROBLEM REVISITED 

Spectral collocation was selected to solve the 
eigenvalue problem in view of the favourable ac
curacy properties of spectral methods for smooth 
functions (Canuto et al. 1993). Within the con
text of collocation calculations Chebyshev poly
nomials were preferred to other spectral basis 
functions, based on arguments related to the 
minimax property of Clyebyshev polynomials u
sed in conjunction with the standard Gauss and 
Gauss-Lobatto grids (Boyd, 1989). The grid re
finement history at the neutral conditions (zero 
suction) R = 800, ,B = .3384638 quoted by Hall 
et al. (1984) is presented in Table I. 
Utilising N = 160 points, compact finite-differ
ences, and asymptotic boundary conditions, Hall 
et al. ( 1984) predict that the neutral mode at 



these conditions has a frequency er = 0.3755134. 

'.'I c, Ci 

10 0.38819.56 -.0010.S.54 

32 0.37.54382 -.0000697 

64 0.37.S.5143 -.0000007 

TABLE I 
Grid refinement history in our spectral 
collocation numerical solution of the 
EVP at R = 800, (3 = .3384638. 

It mav be seen from the results of Table I that 
N = 64 collocation nodes suffice in order to pro
duce converged EVP results. The smaller num
ber of nodes utilised compared to compact finite
differences results in substantial savings when 
using the QZ algorithm (Wilkinson, 1965; NAG, 
1992) to solve the eigenproblem. 

Moreover, our results are obtained on a large 
(one-dimensional) integration domain, at both 
endpoints of which we impose the boundary con
dition of vanishing perturbations. This condition 
is more general than the prespecified exponen
tial decay prescribed by Hall et al. (1994); the 
identical results obtained, however, justify use of 
the asymptotic behaviour of the perturbations 
assumed by Hall et al. (1994). 

4.2. AN IVP FORMULATION: LINEAR 

In the IVP formulation of the stability problem 
we assume the decomposition of all flow quan
tities into base and perturbed flow. In the lin
ear regime we expect the perturbations to be 
small compared to the 0(1) base flow and set 
quadratic in perturbations terms to be identi
cally equal to zero. We subsequently march the 
solution in time and monitor the behaviour of 
the perturbed flow. 

We utilise the jet-like excitation and obtain re
sults typical examples of which are presented in 
figures 1 and 2 where the time dependence of 
the wall shear component in the streamwise di
rection Uy of an (almost) neutral and a decaying 
mode is plotted. After some transient, Tollmien
Schlichting (TS) waves emerge, whose growth or 
decay in time depends upon the combination of 
the Reynolds number and wavenumber parame
ter values. 
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The growth rnte of an individual TS mode mav 
be monitored in either real or transform spac~: 
the simulation is terminated when convergence 
of the growth rate has been achieved. The growth 
rate dependence on time for the results of fia-o 
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Fig. 1. An almost neutral linear TS mode at R = 700 
spanwise wavenumber (3 = 0.35. Upper: wall shear u~ 
against time t. Lower: growth rate w; against time t. 

ures 1 and 2 is also presented. The frequency 
of a TS mode is another result that may be di
rectly calculated from the numerically obtained 
IVP linear results. Both frequency and growth 
rate linear results have been compared against 
the results of Hall et al. (1984) and those ob
tained by our collocation EVP approach with 
very good agreement resulting. 

4.3. AN IVP FORMULATION: NONLINEAR 

The smallness condition of the perturbed flow 
quantities is next relax:ed and the resulting non
linear system is solved numerically. \Ve concen
trate on the zero suction case and define our 
integration box according to the following crite
ria. In the wall-normal we truncate the domain 
at a distance large enough for imposition of the 
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Fig. 2. A decaying linear TS mode at R = 700, spanwise 
wavenumber /3 = 0.375. Upper: wall shear Uy againEt time 
t. Lower: growth rate w; against time t. 

boundary condition of zero perturbations to be 
applicable. The reason for this choice is, again, 
our unwillingness to introduce an a-priori free
stream rate of decay on the perturbations. A 
large number of nodes, typically of 0(200) are 
taken in this direction in view of the extent of the 
domain and the low accuracy of the numerical 
method in this direction. In the spanwise direc
tion a modest-to-large number of Fourier nodes, 
typically 0(100), may be devoted to either fine 
resolution of the fundamental or capturing of a 
number of subharmonics. In this study we have 
chosen the first course of action, concentrating 
on the domain suggested by the linear response. 

Similarly to the linear IVP results, instability 
waves develop in the fl.ow after some transient; 
a typical example is shown in figure 3. Values of 
the growth rate, Wi, are calculated either through 

1 d¢ 
w·=--

1 ¢ dt 
(1) 

using the time signal uf a ::;pectral space fl.ow 
quantity J (harmonic of the respective physical 
space quantity) or, equivalently, through moni
toring a measure of the perturbation energy 

(2) 

u, v and w indicating, respectively, perturba

tion velocity components in the streamwise, nor
mal and spanwise directions, and calculating the 
slope of the function 

ln /E(fJ (3) 

at a given wavenumber {3 value. The two def
initions yield identical results . 
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Fig. 3. Wave emerging at R = 550, /3 = 0.3. Left: ~{ u11 } 

against time. Right: 'J{ Uy} against time. 

The quantity defined in (2) is, additionally, sig
nificant in that it measures the strength of an 
individual Fourier component and, as such, may 
be monitored in relation to resolution require
ments of the simulation (Reed, 1993). Such a 
study has been performed in the course of the 
runs presented and a typical result is plotted in 
figure 4. Worth noticing here are, firstly, that 
the typical of spectral simulations linear depen
dence of the logarithm of energy on the num
ber of nodes utilised is clearly exhibited. Sec
ondly, it has been demonstrated (f.e. Zang et 
al., 1989) that a minimum requirement for reli
ability of results obtained in transition simula
tion is the separation of the energy of the most
from the least-energetic (Fourier) modes by at 
least eight orders of magnitude; more than ten 
orders of magnitude separation is demonstrated 



in figure cl. l\[or1·t)\·er. t lH' 1 ypical tail in the en
ergy spectrum v: hi ch denotes imminent loss of 
accuracy d1w tu accumulation of energy in high
wavenumbers is absent from our calculations. 
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Fig. 4. Spanwise resolution quality test. 

The issue of the link between resolution and de-
aliasing has also been considered in the present 
nonlinear calculations. It was found to be irrel
evant to actually invoke the dealiasing option in 
conjunction with the high resolutions utilised, 
although it was necessary to de-aliase our calcu
lations during runs on more modest grids. This 
result appears to be in lrne with the emerging 
consensus that de-aliasing may be relevant for 
marginally resolved simulations (Spalart et al. 
1991; Canuto et al. 1993). For the two-dimen
sional results presented herein, however, it is 
straightforward to resolve all scales at the early 
nonlinear stages considered. 

We first compare our nonlinear IVP calculations 
against those yielded by the linear IVP approach. 
In figures 5 and 6 we present such a typical 
comparison between linear and nonlinear IVP 
results, the latter obtained under linear condi
tions, at a given set of parameters. Though un
dergoing different transient behaviour, the two 
sets of calculations yield, at convergence, identi
cal frequency and growth rate results. 

We next turn to nonlinear calculations and pre
sent in figure 7 a typical dependence of the per
turbation energy function defined in (3) on the 
spanwise wavenumber and time at a given Rey
nolds number. This function becomes a linear 
function of time at a given wavenumber after 
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some initial transient. indicating the onset of 
fiow behaviour described by linear theory. The 
sign of the slope uf an individual straight line 
determines growth or decay of the respective in
s1.abilitv wave. Interpolation of the results at dif
ferent ~avenumbers determines the location in 
parameter space of the branches of the neutral 
loop. Repeating similar calculations at different 
Reynolds nun1ber values one obtains a complete 
(nonlinear) neutral loop . 
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Fig. 5. Frequency in(a) and growth rate in(b) against 
time at R = 590, spanwise wavenumber (3 = 0.3 predicted 
by linear and nonlinear numerical solution. 
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Fig:. 6. Linear and nonlinear growth rate vs. wavenumber 
at R = 590. 

In order to address the issue of existence of two
dimensional nonlinear subcritical solutions we 
first obtain nonlinear solutions under linear con
ditions, namely small amplitude of the initially 
superimposed disturbance. Utilising the jet-like 
excitation we have scanned the Reynolds num
ber parameter range in the neighbourhood of the 
neutral loop that linear theory delivers; all our 
results have been qualitatively similar to those 
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presented in figures 5 aud G. namely the How 

returns to its linear behaviour after the initial 
transient. 
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Fig. 7. Perturbation energy as function of time at 
R = 800, (3 E [0.15, 0.35]. 

We then concentrate on a single Reynolds num
ber value R=550, which is approximately located 
in the middle of the disputed region and, keep
ing all other parameters the same, alter the form 
of the forcing. We consider the ribbon-like exci
tation which we apply for a number of TS cy
cles before abruptly removing it. We introduce 
periodic suction and blowing into the numeri
cal solution choosing the frequency of the rib
bon operation to be that of the most unstable 
(decaying) linear mode at the given Reynolds 
number value. 1 The result is presented in figure 
8 from which two conclusions may be drawn. 
Firstly it may be seen that the ribbon sets up 
a (forced) neutral oscillation. Secondly, once the 
forcing is removed, the flow returns to its lin
ear behaviour, namely (strongly) decaying oscil
lation. Incidentally it is worth noting that, al
though a sharp peak follows the removal of the 
forcing at t = 750, there is no lasting effect on 
the simulation stemming from this singular al
teration in boundary conditions. 

Keeping the same Reynolds number value and 
reverting to the jet-like excitation we progres
sivley increase the amplitude of the initially im· 
posed perturbation. The effect of this action, as 
may be seen from the result presented in fig
ure 9, is that a longer transient ensues in the 
nonlinear solution. In the course of this tran
sient behaviour solutions corresponding to large 
initial excitation amplitudes spend time grow-

This frequency was independently obtained frorr 
the EVP problem discussed in §3. l 
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Fig. 8. Wall shear uJL dependence on time t using the 
ribbon-like forcing at R = 550: initially a neutral wave of 
the imposed frequency is generated; after the forcing is 
being removed a decaying wave emerges. 

ing while their linear counterparts (the solutions 
which correspond to the lowest initial excitation 
amplitude) have long converged to their decay
ing state. However, this behaviour of the former 
solutions is only transient; eventually all calcu
lations are seen to fall back to the linear result. 
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Fig. 9. Growth rate.s time history for increasing ini
tial excitation amplitudes o:: Solid, c = 1 (linear result); 
dashed, c: = 5; dash-dotted, £ = 10; dotted, c = 15. 

In the neighbourhood of the linear neutral loop, 
however, nonlinear solutions have been obtained 
that bifurcate (to different degrees) from the 
linear loop. A typical example is presented in 
figure 10 where the modal perturbation energy 
and respective growth rates of linear and nonlin-



ear computations are plotted against time at 
spanwise wavenumber increments of 6{3 = 0.01. 
This result is obtained at conditions favouring; 
linear growth (R = 800, in the neighbourhood 
of Branch I) utilising the jet-like form of forcing 
and a large initial excitation amplitude. 
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Fig. 10. Nonlinear (solid) vs. linear (dashed) results 
at R = 800. Lower to higher: spanwise wavenumber 
(3 = 0.15(.01)0.19. 

The growth rate dependence on wavenumber for 
both linear and nonlinear calculations is pre
sented in figure 11; projected in figure 11 are also 
the (linearly interpolated) linear and nonlinear 
neutral loops, as well as the line of maximum 
amplification rate of the nonlinear calculation. 
Three results of significance may be observed in 
this figure. 

Firstly, as may already be inferred from the re
sults of figure 10, the nonlinear neutral loop is 
confined in a thin region around the linear loop. 
This result is similar to that obtained by Jimenez 
et al. (1990) and appears to support the theo
retical prediction of Hall and Malik (1986). 

Secondly, the consequence of the departure of 
the nonlinear neutral loop from the linear re
sult is that the maximum amplification rate of 
the nonlinear neutral curve lies very close to the 
experimentally observed waves ( c.f. Pfenninger 
and Bacon, 1969; Poll, 1979). To-date it has been 
assumed that the experimentally observed natu
rally occurring waves are Branch I instabilities. 
It is well known, however, that naturally occur
ring disturbances in Blasius flow peak near the 
theoretical maximum amplification and maxi
mum amplitude ratio curves (see f.e. Poll, 1989). 
The present results appear to yield such a be
haviour for the LEBL flow as well. 
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Finally. one may notice that the dependence of 
the maximum amplification rate on Reynolds 
number is very similar between the linear and 
nonlinear results. One may infer from the results 
presented in figure 11 that, in contrast with the 
numerical predictions of Hall and Malik ( 1986) 
and in line with a similar result of Jimenez et al. 
( 1990), our nonlinear calculations on the present 
two-dimensional model yield a critical Reynolds 
number value close to that delivered by linear 
theory. 
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Fig. 11. Linear vs Nonlinear neutral loops; projected 
the line of maximum amplification rate. 

5. Discussion 

An effort has been made to address the issue 
of subcritical behaviour in incompressible two
dimensional attachment line flow. The initial
value-problem approach for the linear stability 
problem of Theofilis (1993) has been extended to 
allow for more general forms of perturbations, in 
an attempt to systematically relax the approxi
mations under which the stability of incompress
ible leading edge boundary layer flow is studied. 

In line with the numerical work of Jimenez et 
al. (1990) and contrary to the numerical conclu
sions put forward by Hall and Malik (1986), we 
failed to observe nonlinear solutions bifurcating 
subcritically in Reynolds number. The argument 
put forward by Spalart (1988) on the inability to 
draw conclusions on analytical models by a lim
ited number of numerical runs still holds. How
ever, the extent of the numerical experimenta
tion performed on the two-dimensional model 
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considered presently appears to support the cou
clusion of Jimenez d u.l. ( Hl90) that three-dimen
sional mechanisms arc to be held responsible for 
the experimentally observed subcriticality. 

The present nonlinear calcuhtions have yielded 
neut ml loops the location of which. in parameter 
space. suggests that the experimentally observed 
instability waves occur at (approximately) max-

imally amplified, rather than Branch I condi
tions. While work is in progress to quantify this 

conjecture, this result suggests that the attach
ment line boundary layer is, in this respect, akin 
to the classical Blasius flow. 
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