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ABSTRACT

An efficient scheme for the direct numerical simulation of 3D transitional and
developed turbulent flow is presented. Explicit and implicit time integration schemes
for the compressible Navier-Stokes equations are compared. The nonlinear system
resulting from the implicit time discretization is solved with an iterative method and
accelerated by the application of a multigrid technique. Since we use central spatial
discretizations and no artificial dissipation is added to the equations, the smoothing
method is less effective than in the more traditional use of multigrid in steady-state
calculations. Therefore, a special prolongation method is needed in order to obtain
an effective multigrid method.

This simulation scheme was studied in detail for compressible flow over a flat plate.
In the laminar regime and in the first stages of turbulent flow the implicit method
provides a speed-up of a factor 2 relative to the explicit method on a relatively coarse
grid. At increased resolution this speed-up is enhanced correspondingly.

INTRODUCTION

Multigrid methods have proven to be very successful when computing steady
solutions to the Reynolds-averaged Navier-Stokes equations [6,12]. In these equations
a turbulence model is introduced and an approximation for the mean turbulent flow
field is obtained. Many turbulent flows are only statistically stationary, however,
and the actual solution is strongly time dependent. The development of numerical
simulation methods for the time accurate simulation of turbulent flow forms a subject
of intensive research (see [3,4,9,10,13]) . In particular the transition from laminar to
turbulent flow and the early stages of fully developed turbulence in relatively simple
geometries are presently accessible to time-accurate numerical simulation.

*This work was supported by the J.M. Burgers Centre and by the Netherlands Organization for
Scientific Research (NWO).
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DNS forms a key tool for computing detailed and reliable results for turbulent flow
in simple geometries, which can subsequently be used in the validation of numerical
methods and sub-grid models for large eddy simulations. In this paper we focus on
an efficient higher order accurate method for direct numerical simulation (DNS) of
compressible flow. In this paper results will be illustrated for the compressible flow
over a flat plate.

Because of the large variety of length scales present in high-Reynolds turbulent
flows, a large number of grid points is required. The grid should be chosen such that
the relevant modes with smallest length scales can still be adequately represented,
resulting in very fine meshes. The time step is limited by accuracy requirements
and stability conditions unless an absolutely stable time integration method is ap-
plied. In general, the stability conditions are far more restrictive than the accuracy
requirements, especially in the laminar regime. Stability conditions for explicit time
integration methods lead to a linear relation between the grid size and the time step if
the convective terms in the equations are most restrictive. Thus, the required number
of time steps is proportional to n (the number of grid points in each grid direction). In
principle, absolutely stable (thus implicit) time integration methods are more suitable
for this type of problem, since no stability restrictions are imposed on the time step.
However, implicit methods are more expensive per time step. Hence, effective tech-
niques are required for a fast solution of the nonlinear system of equations resulting
from the implicit time discretizations in order to render these methods useful.

Summarizing, the following dilemma is observed. Application of explicit time
integration methods leads to a large number of (relatively cheap) time steps, with a
total number of operations a n4 . With an implicit scheme a relatively small number
of (expensive) implicit time steps is required, leading to b n3 operations. However, in
general b is considerably larger than a.

The main purpose of our study is the development of efficient tools for solving
the system of equations that arises from application of an implicit time integration
scheme to the compressible Navier-Stokes equations. The method presented in this
paper is based on the work by Jameson [6,7] and Melson et al. [12]. For Reynolds-
averaged Navier-Stokes (RaNS) equations they have proposed an iterative-implicit
method which is based on a multigrid technique, leading to a considerable speed-up
in comparison with explicit methods. The RaNS equations contain a lot of dissipation,
which leads to a fast convergence of the relaxation method. In our equations, however,
the dissipation is very small. As a result, we obtain a smaller speed-up than Melson
et al.

This paper is set up as follows. In the following section, a general description of
the equations is given. Numerical solution techniques for the problem (including a
multigrid technique) are presented in section 3. In section 4 computational results
will be presented. Finally, we will give some conclusions.
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GOVERNING EQUATIONS

The equations describing the flow are the well-known Navier-Stokes equations,
which represent conservation of mass, momentum and energy. In terms of dimension-
less variables (density p, velocity components u j and energy density e) these equations
have the form (the summation convention is used):

atp + aj(Puj) = 0	 (1)

	

at(Puk) + aj(Pukuj) + akp — ajOkj = 0	 k = 1, 2, 3	 (2)
ate + aj((e + p)uj) — 9j(Uijui — qj ) = 0	 (3)

Here at and aj denote partial differentiation with respect to time and the coordinate
xj , respectively. The pressure p is given by

P = (-y-1)(e— 1Puiui) (4)

in which -y denotes the adiabatic gas constant, which is set to -Y = 1.4. The viscous
stress tensor Uij is a function of the velocity components uj:

air ReAui + aiuj — 2bij (Uk) (5)

where Re is the Reynolds number (the fluid viscosity is taken constant). Furthermore,
qj represents the viscous heat flux, given by

1	 a'T	 (6)
qj	 (-y — 1)RePrMr

where Pr is the Prandtl number, for which we use Pr = 0.72, and Mr is the reference
Mach number. The temperature T is given by the ideal gas law:

T _ 7MT p	 (7)
P

In the Navier-Stokes equations (1-3), two types of fluxes can be distinguished.
The convective fluxes consist of the first order spatial derivatives in the Navier-Stokes
equations. These are of hyperbolic type and in Von Neumann analysis of the linearized
equations, they give rise to imaginary eigenvalues. The viscous fluxes are parabolic
and add dissipation to the system. This dissipation is 0(11Re).

The behavior of the solution of the Navier-Stokes equations roughly can be charac-
terized as follows. The nonlinear terms in the convective fluxes provide a continuous
generation of modes with a small length scale from the components with a larger
length scale. On the other hand, the dissipative fluxes add a certain damping to the
system. This damping is very small for the components with a large length-scale,
but it is larger for the small-length-scale ;.components. In the transitional stage from
laminar to turbulent flow, small disturbances in a laminar flow give rise to growth of
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large-scale eddies (which correspond to the most unstable modes in linear stability
theory). These eddies generate eddies with smaller length scales. This continuous
flow of energy to the eddies with smaller length scales is truncated at the scale where
the dissipation counterbalances the growth effects, so that a statistically station-
ary turbulent flow is obtained. This "viscous length scale" strongly depends on the
Reynolds number. In the turbulent regime a broad spectrum of different modes in
the flow develops.

NUMERICAL METHOD

In this section the discretization of the spatial derivatives and the explicit and
iterative-implicit time integration methods for our problem will be discussed.

Spatial discretization

For the spatial derivatives in the equations, fourth order accurate central five-
point difference schemes are used. Since artificial dissipation may seriously influence
the solution during the transition from laminar to turbulent flow, the schemes are
devised in such a way that no artificial dissipation is required. Odd-even decoupling
is prevented by using a filtering procedure that just eliminates the shortest modes,
see e.g. [4].

Explicit time integration

After discretizing the spatial derivatives in the governing equations, the equations
take the following form (with discrete state vector U):

	

atU + f (U) = 0	 (8)

In the numerical solution of this problem, we denote the numerical solution at time
level to by U1.

We have implemented a second order compact-storage four-stage Runge-Kutta
method. The method is suitable for our problem, since the stability region contains a
considerable part of the imaginary axis (up to 2 .\,F2i). Thus, this method gives stable
results if the size of the time step satisfies the CFL condition:

	

At A. < CCFL	 (9)

with CCFL :.. 2-\,F2. The largest eigenvalue am of the discrete linearized convective
flux is given by

C l ul l	 I u2 1	 l u31	 ^P	 1	 1	 1

	
( 10)

	

Am = A AX, + Ax2 + Ax3 + p 	 Axl + Ax2 + Ax3)	
10
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with A = 3 —6 + 4,46- + s V —39 + 16,F6 :. 1.37 if fourth order accurate central
five-point finite difference approximations are used on an orthogonal equidistant grid.
Thus, increasing the number of grid points leads to a proportional reduction of the
time step.

Iterative-implicit time integration methods

In order to speed up the solution method, an implicit time integration scheme
has been applied. A-stable methods (i.e., those that have a region of stability which
includes the whole of the left half-plane (also referred to as absolute stability)) are
preferred, so that the time step is not restricted by stability conditions, but only by
physics. An iterative procedure is applied for the solution of the system of equations
resulting from the implicit scheme, thus the approach is called an iterative-implicit
method.

We will only consider implicit linear multistep schemes. Because of the com-
plexity of the equations and the large number of points involved in our problems,
more advanced schemes are not considered here. The order of A-stable linear multi-
step methods cannot exceed two (see [2,11]). Suitable methods are Backward Euler,
the Trapezoidal Rule, and the two step Backward Differentiation Formula, BDF(2).
Since Backward Euler is only first order accurate and generates considerable numeri-
cal damping, we have decided not to use it. The Trapezoidal Rule is the second-order
A-stable linear multistep method with smallest error constant [2,11]. However, since
periodic eigenfunctions are not damped, extra smoothing is required in many appli-
cations. The BDF(2) method is preferred, because it is less sensitive and has a larger
stability region.

For eq.(8), BDF(2) with constant At is defined by

3 Un+1 — 4. Un + Un-1 = —2 f ( Un+1 ) At	 (11)

In order to solve eq. (11) , it is written as

aoV + f (V) = g
	

(12)

where V stands for the unknown solution Un+l, g = (4Un — Un-1 )/(2At) is a known
forcing function and ao = 3/ (20t) for this time integration method. Other implicit
time integration schemes can be cast in the same form (12) by adjusting the constants
and forcing functions.

An iterative method for solving eq.(12) consists of the following steps:
1. computation of a starting solution V°,
2. relaxation method for improving the solution,
3. truncation of the relaxation method if the desired accuracy is achieved.

Our approach for these steps will be presented below.
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Starting solution

It is clear from the above that the solutions at two previous time levels are re-
quired to calculate the solution at a new time level. This is inherent to the second
order accurate discretization of the time derivative in eq. (11) . The availability of
solutions at previous time levels can also be exploited to obtain a good starting so-
lution at the new time level. The better the starting solution corresponds with the
solution to eq.(11), the smaller the amount of work that is necessary to calculate the
solution within the required accuracy. A suitable starting solution is obtained from
extrapolation of the solution from previous time levels. For constant time steps At
quadratic extrapolation yields

V° = 3 Un — 3 Un-1 + Un-2 	 (13)

Another second order extrapolation method uses the time derivative of U given by
the function f:

VO = Un-1 — 2 f(Un) At	 (14)

A second order extrapolation method with a number of similar terms in the truncation
error as in the truncation error of the BDF(2) formula is

Vo = 3 (4 Un — Un-1 — 4 f (Un ) At + 2 f (Un-1) At)	 (15)

The truncation errors of eq.(14) and BDF(2) are very different. As a result, more
relaxations are required if extrapolation (14) is used than if eq.(13) or eq.(15) is
applied. The choice of either eq.(13) or eq.(15) does not have a large influence on the
required number of relaxations.

Iteration method; application of multigrid

A standard method to solve equations of the form (12) is the Newton-Raphson
iteration method. In this method, a linearization of the flux vector around the known
state Un is used, see e.g. [13]. However, application of this method goes at the
expense of a large matrix inversion.

Multigrid methods [1,5] are often applied for the efficient computation of steady-
state solutions to RaNS equations. Because of the large number of grid points and
the large variety of typical length scales in the solution, application of these methods
leads to significant accelerations compared'to classical iteration methods if suitable
smoothing methods are used. In fact, our problem (12) is of the same form; hence we
can utilize the same technique each time step. This is described below.
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Transfer operators

The solution is restricted to coarser grids by injection, and the defect vector by
full weighting.

A special treatment of the prolongation is required. Basically, the correction
is prolonged to the finer grid by means of trilinear interpolation. This prolongation
operator works well for stationary flow simulations, since the fine grid operator indeed
satisfies the requirement of damping the high frequency components in the error. In
the present solver, however, the high frequency components which may be created
by the prolongation process are very slowly damped since the discretization method
does not contain artificial damping. Therefore, after every prolongation first the
shortest modes are removed from the correction by applying a filtering operator to
the corrections. This filter eliminates the shortest modes.

Smoothing method

The rapidly varying eigenfunctions (so-called rough eigenfunction, see [14]) cannot
be represented well on coarse grids. Therefore, an effective smoothing method is
required.

A common technique for the computation of steady-state solutions to the Navier-
Stokes equations is solving the time dependent equations with multistage methods
(see e.g. [7]) . We have chosen a similar approach for our problem (12) . In order to
solve (12), we find the steady state solution of the following pseudo time evolution
equation:

aTV + aoV + f (V) = g	 (16)

The advantage of writing the problem in this form is that it has the good stability
properties of the implicit time integration method, whereas the flexibility of explicit
time integration schemes is maintained. Furthermore, convergence acceleration meth-
ods can be applied in a manner similar to steady-state calculations.

We have chosen the following second order accurate Runge-Kutta method:

VO = VM

(1 + 4 aOAr)V1
(1 + 1 aOAT)V2
(1 + R aoOT)V3
(1 + 2ao0T)V4
(1 + aO®T)V5

= VO —

= VO —

= VO —

= VO —

= VO —

4(fc(VO) + fd(VO)
1 
(fc(VI) + fd(VO)

g(fc(V2) +.fd(V2)
12(fc(V3) + fd(V2)
(fc(V4) + fd(V4) —

— g)AT
g)AT

— g)OT	 (17)
— g)AT
g)AT

Vm+1 = V5

in which f = f, + fd . The dissipative part (fd) of the flux vector is only evaluated
at a few stages, as proposed by e.g. Jameson [7, 8]. This both saves calculation time
and increases the stability.
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Furthermore, in this time stepping scheme, the linear term aoV in eq.(16) is treated
implicitly. This is easily possible, as the term is diagonal, and useful, since it improves
the stability of the pseudo time stepping method: since ao > 0 the stability function
is modified, which leads to a larger stability region and a considerable reduction of
the amplification factor, see e.g. [12].

If ao = 0, the CFL number can be taken to be 4.0. From a linearization of the
stability function around AT A,,,, = 4.0, the following conditions can be derived for
small ao/A,,, > 0:

AT (A,,,, — ao)	 < 4.0	
(18)

AT (A,,,, + i2 ao) < 4.5

Other convergence acceleration techniques

The convergence is more accelerated by the application of local pseudo time step-
ping. Since a steady state equation is solved, the pseudo time step AT need not to be
equal in each point. The maximum allowed AT is chosen in each point from eq.(18).

At this moment, we are testing a Newton-Raphson type approach. This approach
is based on a linearization of the function f around the solution V' (see eq.(16)).
Using upwind discretizations for modifications of the solution, then, the characteristic
variables associated with the largest eigenvalue are solved implicitly. First test results
indicate that a speed-up of 10 to 20% can be obtained.

Truncation of the relaxation process

For the time being we have chosen the following approach. The iterations are
truncated if the residual is below a prescribed value. The maximum value is chosen so
that the truncation error is smaller than the discretization error of the time integration
method.

APPLICATION TO A TRANSITIONAL FLOW

In this section we present some results from application of the techniques described
above to a transitional wall-bounded flow.

The flow is computed in a rectangular domain, with no-slip isothermal wall condi-
tions at the wall, symmetry conditions at the upper boundary, and periodicity in the
horizontal directions. The initial solution consists of the similarity solution for a com-
pressible boundary layer combined with a small-amplitude disturbance, consisting of
a number of unstable modes which are obtained from linear stability theory.

The computations presented here were done with the iterative-implicit time in-
tegration method. In the multigrid process, V-cycles are used with 1 pre-relaxation
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and 2 post-relaxations. The relaxation process is truncated if the residual has be-
come less than a certain prescribed value. This value is chosen such that the resulting
truncation error is smaller than the errors due to the discretizations.

The equations are discretized on a domain with 64 x 64 x 64 grid points, which is
adequate at the stage of transition and quite coarse in the turbulent regime.

Discretization errors

First we will show that in the laminar regime the small time steps required for
stability of the explicit time integration method are not necessary for accuracy.

In the laminar regime, only disturbances with relatively large length-scales are
present. The following table shows the relative errors due to the spatial discretization
for the growth rate of the most unstable mode for different grid densities. El and E2

are the relative errors of the growth rate at two different locations: in the boundary
layer and further in the domain, respectively.

n I	 el e2

32 0.005
64
LO5

0.0003
128 0.0000

TABLE 1
Relative errors in growth rate of most unstable mode

due to the spatial discretization, at two locations in the flow
(n stands for the number of grid points in each grid direction)

The results in Table 1 show the 4th order accuracy of the spatial discretization
method.

Discretization errors due to the time integration are given in Table 2.

At El E2

0.05 0.0000 0.0000
0.10 0.0002 0.0000
0.25 0.001 0.0003
0.50 0.003 0.001
1.00 0.01 0.005

TABLE 2
Relative errors in growth rate of most unstable mode

due to the time discretization, at two locations in the flow

It is clear from these data that for a 64 x 64 x 64-grid, a time step At = 0.50 may
be chosen which leads to an error in the growth rate due to the time integration
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comparable to the error arising from the spatial discretization. This value is in large
contrast with the size of the time step limit for the explicit time integration method:
for this grid At < 0.04 is required. The large discrepancy between these two values
of the time step is the main motivation for this study. In a later stage, when modes
with smaller length scales become more important, this discrepancy becomes smaller.
This is sketched in Figure 1.

Since the number of operations per pseudo time step is proportional to the num-
ber of grid points, the amount of work done on the coarse grids can be neglected.
Furthermore, the required amount of CPU time for one explicit time step is approx-
imately equal to the time for one pseudo time step with eq.(17) on the finest level.
Thus, the ratio of the CPU time per implicit and explicit time step is the measured
number of pseudo time steps on the finest grid. Typical numbers will be given in the
following subsection.

accuracy demand

stability demand
--------------------------------------

laminar	 turbulent

Figure 1: Typical behavior of the time step limit based on accuracy and stability
requirements in the transition from laminar to turbulent flow

From a comparison of numerical results obtained with the explicit and the implicit
scheme, we conclude that the differences are very small in the laminar regime. Figure
2 illustrates that with fixed time step At = 0.5 the results are accurate up to t ':Z^ 2250.
The accuracy of the implicit time integration method is increased if smaller values
are used for the implicit time step. Thus, choosing time steps that are larger than the
value prescribed by the stability condition for the explicit time integration method is
allowed in the laminar regime.

Comparison of the efficiency of the explicit and implicit method

Various criteria can be used for determining the size of the time step. The applica-
tion of the iterative-implicit time integration method is illustrated with the following

time

step
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Figure 2: (a) Comparison of the development of the maximum value of the second
vorticity component with explicit time integration (solid line) and with the implicit
method (At = 0.5). (b) Relative error due to the large time step

choices: (a) choose a fixed time step (At = 0.5), or (b) vary the time step so that the
system of equations can be solved in about 2 V-cycles. Figure 3 shows a comparison
of the work involved with both choices and with the explicit time integration method.

The differences between the amount of work with fixed and variable time steps
(both with the iterative-implicit time integration method) can be explained as follows.
The iterative-implicit time integration method outlined above is similar to a predictor-
corrector method. Predictor-corrector methods have a bounded stability region. The
stability can be increased by choosing smaller time steps or by increasing the number
of corrections. For a large number of predictor-corrector methods, the length of the
part of the imaginary axis in the stability region increases less than linearly with the
number of corrections, see e.g. the stability regions for Adams-Bashforth methods
in [11]. Therefore, we expect that reducing the time step size At is cheaper than
increasing the number of cycles.

The stability requirements for the explicit time integration method lead to a max-
imum time step At :^ 0.04, so that 250 explicit time steps are needed per 10 time
units. Apparently, the implicit time integration scheme is cheaper than the explicit
scheme if the implicit time step is sufficiently reduced. In our experiences for t > 2400
the grid should be reduced for a sufficient representation of the shortest modes; again
our implicit scheme is more efficient than the explicit scheme.
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Figure 3: Number of pseudo time steps per 10 time units on the finest grid with (a)
a fixed time step and (b) a variable time step compared with (c) the number of time
steps for the explicit time integration method. In this time interval, the transition
from laminar to turbulent flow occurs.

Finally, it is noted that if the multigrid method is not used, solving the system
of equations takes about 5 times more CPU time. Thus, the use of this method is
decisive for the success of the implicit scheme.

CONCLUSIONS

We have compared the application of an explicit and an iterative-implicit time
integration scheme to time-accurate DNS of compressible turbulent flow. Convergence
acceleration techniques such as multigrid are crucial for an effective iterative solution
of the system of equations. For the application presented in this paper, the iterative-
implicit method is faster than the explicit solver. However, due to the small amount
of dissipation in the equations a smaller speed-up is obtained than in methods for the
RaNS equations.
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