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Summary
Thermo-acoustic instabilities in high power density gas turbine engines have to be predicted in order to avoid un-
expected shutdown events. To predict these instabilities, the acoustics behavior of the combustion system needs
to be analyzed. The work presented in this paper on combustor-turbine interaction is focused on reflection coeffi-
cient analysis. The study is based on a simplified two-dimensional (2D) geometry representing the vane section
and another geometry corresponding to a real engine alike combustor/turbine design. Compressible Large Eddy
Simulation (LES) is applied based on the open source Computational Fluid Dynamics package OpenFOAM.
A forced response approach is used imposing a sound wave excitation at the inlet of the combustion chamber.
The applied Non-Reflecting Boundary Conditions (NRBC) are verified for correct behavior and plausibility of
the acoustic set up. Multi-harmonic excitation with small amplitudes is used to preserve linearity. The numer-
ical results are compared to analytical formulae in order to test the validity of both approaches for the chosen
geometries.

PACS no. 43.20.-f, 43.28.-g

1. Introduction

Thermo-acoustic instabilities in gas turbines limit the op-
erational range and represent an issue that needs to be stud-
ied, especially in lean premixed combustion technology.
The correct modelling of acoustic oscillations in combus-
tors requires a detailed knowledge of the boundary regions
directly influencing the phenomena leading to instability.
The analysis of the reflection coefficient of the combustor
and turbine interface is the focus area of this study. In this
work a numerical investigation of the acoustic behavior of
two related geometries with a different level of complexity
is performed. The engine configuration to which this study
is related is presented in Figure 1.

It is a can-annular stationary gas turbine. Clearly the
multiple combustor cans can be seen. The exit passages of
all cans together feed the turbine inlet over the circumfer-
ence. In the numerical studies presented, the sound waves
originating from thermo-acoustic instabilities in the real
system are replaced by artificial ones using a forced re-
sponse approach. An excitation has been applied at the in-
let, and the resulting acoustic perturbations traveling up-
stream and downstream of the turbine stator stage were
analyzed.

The current publication focuses on the acoustic pertur-
bations excluding entropy waves. It analyzes the reflection
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Figure 1. Model of a can-annular gas turbine, see https://www.
siemens.com/global/en/home/products/energy/power-
generation/gas-turbines/sgt6-8000h.html/

coefficient for a simplified 2D geometry in comparison to
the results obtained for a complex geometry 3D model.
The numerical data is compared to analytical solutions for
quiescent and subsonic flow conditions. The innovation of
this work consists of the extraction of data from numeri-
cal simulations (LES) of a realistic 3D case including the
downstream section of a combustion can and the first tur-
bine vane row.

The reflection and transmission of sound, vortices and
entropy perturbation through passages between turbine
blades or vanes has been studied in depth the past four
decades. The investigations were focused on the explana-
tion of the so called excess noise [1, 2, 3] with the entropy
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fluctuations in the foreground, but also resulted in valuable
formulations for the remaining solution modes. They show
how direct and indirect combustion noise sources need to
be taken into account and present predictions based on an-
alytical models and empirical data. The direct combustion
noise mechanism concerns the generation by the turbulent
flame of heat release perturbations, that lead to the prop-
agation of acoustic perturbations upstream in the combus-
tor or downstream through the turbine stages. The indirect
noise refers to the noise generated when entropy fluctu-
ations are accelerated passing through the turbine stages.
The flames are then just indirectly involved in the noise
generation.

Different kinds of analytical models have been used in
order to study the propagation of acoustic, entropy and
vortical waves. Leyko et al. [4] present the results for a
simplified one-dimensional (1D) model combustor with
the calculated indirect combustion noise to be 10 times
larger than the direct noise. In the work of Marble [2] and
Marble and Candel [3] the interaction of entropy and pres-
sure waves in choked and not choked nozzles is studied
and treated in one dimension.

Crocco [5] and Tsien [6] study also the generation of
acoustic waves in case of 1D nozzles. Bake et al. [7] an-
alyze experimentally through the entropy wave generator
(EWG) the indirect noise for a 1D nozzle. Review papers
by Lamarque and Poinsot [8], Mühlbauer et al. [9], Leyko
et al. [10] and Duran et al. [11] provide an overview of
the experimental and numerical studies related to the re-
flection coefficient analysis. They represent inlets and out-
lets of chambers as one-dimensional ducts and evaluate
impedances of subsonic and supersonic choked nozzles
through analytical formulae and numerical methods us-
ing Linearized Euler Equations (LEE). They show how the
theory of the 1D compact nozzle of Marble nd Candel [3]
works for these configurations. Furthermore the work of
Leyko et al. [12] demonstrates the use of analytical mod-
els for 1D and 2D flows and the usage of the compact noise
assumption for 1D models.

Cumpsty and Marble [13] treat a system related closer
to a gas turbine situation where perturbations are interact-
ing with a turbine blade row. They study wave transmis-
sion and generation including entropy waves through an
axially compact blade row in a 2D periodic and inviscid
flow. Muir [14, 15] studies an infinitely thin blade row in-
stead of a 2D geometry using the actuator-disk theory. Kaji
[16, 17] has shown a semi-actuator disk theory taking into
account infinitely thin spacing between the blades and fi-
nite chord-length, and he has analyzed a method focused
on the acceleration potential to study the sound transmis-
sion through a 2D rectilinear cascade. Many models in
1D and 2D have been applied but only few real three-
dimensional (3D) cases have been studied until now.

An example is given by Posson [18, 19] that shows re-
sults on a 3D rectilinear cascade model for entropy noise
generation that takes into account cascade effects and finite
chord neglecting the angle of deviation. The current study
investigates the analytical model of Cumpsty and Marble

Figure 2. Overview of the 2D single vane geometry investigated
with periodicity.

Figure 3. 3D can and stator stage with artificial extensions up-
stream and downstream.

[13] verifying and comparing it with the numerical results
obtained for the 2D configuration focusing on the propaga-
tion of acoustic waves. The numerical analysis performed
for the 2D geometry is compared also with the numerical
results obtained for the 3D configuration. This last part,
related to the analysis and comparisons studied between
the 2D and 3D systems, distinguishes this work from the
previous papers cited.

2. Investigated Configurations

The cases selected for the analysis are shown in Figure 2
and Figure 3 and described below in more detail. These
configurations have been chosen because they represent
typical elements found in modern gas turbines.

The studied geometries have been considered as a sim-
plification of technical configurations as a first step to the
real engine analysis. The 2D stator vane passage (Fig-
ure 2) represents well a realistic stator stage if no gra-
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dients are assumed along the airfoil span. The limitation
to 2D reduces the computational time significantly. This
setup presents a good trade-off between accuracy and nu-
merical effort. Due to periodicity, the passage has equal
cross-sections before and after the profile. The 3D geom-
etry (Figure 3) is a representation of a can-annular system
often found in modern gas turbines. Since the 2D geometry
is built with the same airfoil and equivalent cross-section,
it is expected to obtain similar results for equal flow con-
ditions. In terms of acoustic behavior it should be similar
to the 2D single vane previously described.

3. Numerical Method

3.1. LES Compressible Solver

For all simulations compressible LES has been applied
based on the open source CFD code OpenFOAM. A com-
pressible solver (sonicFoam) with up to second order dis-
cretization in space and time has been used to compute
the solutions. At first, the LES One Equation Eddy Vis-
cosity Model for compressible flows has been used. The
Eddy viscosity sub-grid scale (SGS) model is based on a
modeled balance equation to simulate the behaviour of the
kinetic energy k. The applied relations are presented in
Equations (1) and (2),

d
dt
ρk + divρUk − divµeff∇k

= −ρD : B − ceρk
3
2

Δ
(1)

and

B =
2
3
kI − 2νsgs devD, (2)

where D = symm∇U with "symm" that denotes the sym-
metric part of the tensor, devD indicates the deviatoric part
of the tensor, kinematic viscosity νsgs = ck

√
kΔ with Δ as

filter width, effective viscosity µeff = µsgs + µ with µsgs as
turbulence eddy viscosity caused by the Reynolds stresses
and µ as dynamic viscosity, model coefficients ce = 1.048
and ck = 0.094. The calculated turbulent Reynolds num-
ber at the vane chord exit had a value of e ≈ 2 ∗ 106.

In parallel it has been decided to run also simulations
with laminar flow, since the main aspect of the work is
related to the acoustic behavior of the systems. No turbu-
lence was modeled when applying the simplication of the
laminar flow. Turbulence or boundary layers have not been
taken into account in these last simulations to isolate the
noise generation due to the force response approach from
other possible sources. In this last numerical implementa-
tion the dynamic viscosity was fixed as a property inherent
to the fluid and the turbulence eddy viscosity caused by the
Reynolds stresses was assumed to be equal to zero. These
simulations were done just for a first fast results check.
LES has been applied to analyze the results with much
higher accuracy. The results shown in this paper have been
obtained from the LES simulations with subgrid turbu-
lence model.

For the 3D case a Courant number of Co < 1 has been
maintained with time step Δt = 1e− 06 s running the sim-
ulation for about 200 ms real time.

3.2. NRBC and Periodicity

Non-Reflecting Boundary Conditions (NRBC) have been
used at the inlet and outlet of the geometries. The role of
the NRBC is to impose the flow conditions while suppress-
ing acoustic wave reflections.

The NRBC applied damps the longitudinal modes. The
current analysis focuses on longitudinal modes. A more
detailed modal analysis would need to be performed in
order to study the presence of radial and circumferen-
tial modes. The derivation of the NRBC is based on Lo-
cal One-Dimensional Inviscid (LODI) relations to obtain
approximate values for the wave-amplitude variations in
terms of the primitive flow variables as shown in [20], [21],
[22] and [23]. A relaxation factor has been introduced for
the wave coming from outside of the domain, with the aim
to define fixed mean pressure at the outlet or fixed mean
velocity at the inlet.

This factor is related to the time scale τ that must be as
small as possible to avoid large deviations of the boundary
conditions from the determined mean value. On the other
hand, for small time scales the boundary conditions be-
come fully reflective. Therefore there is the need to find a
compromise between reflection and allowed pressure drift.
This fact led to the choice of τ = 0.01 s for all simulations
and NRBCs of this study. For the cases analyzed, the peri-
odicity has been taken into account. Figure 2 and Figure 3
show the boundary conditions applied for both 2D and 3D
configurations in detail. The periodic patches were con-
forming and no interpolation was necessary. The walls of
the can have been set as rigid. The viscosity has been not
taken into account since the main focus of the study was
related to acoustics.

3.3. Flow

Each geometry has been investigated using different mass
flows .

m at the inlet resulting in different Mach numbers.
The values of temperature Tin = 1700 K set at the inlet
and pressure pout = 1050000 Pa at the outlet have been ap-
plied for the different configurations. The operating con-
ditions have been varied maintaining non-choked flow in
the throat (M < 1) of the vane section. In the following
only the case without flow for the 2D geometry and with a
Mach number in the throat M ≈ 0.7 for both 2D and 3D
configurations are presented.

3.4. Meshing

The computational mesh of the 2D case analyzed con-
sists of about 70000 cells. The mesh has been generated
through the tool blockMesh with one cell in depth. Addi-
tional wall refinements have been used around the vanes
in order to resolve the flow with more accuracy in this sec-
tion.
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A cell stretch with a factor of 3 has been applied in the
outlet area for an increased dissipation of flow structures
hitting the outlet boundary. The mesh for the 3D engine
case consists of about 3 Million cells and the mesh has also
been generated using the tool blockMesh but additionally
using the tool snappyHexMesh to mesh the complicated
boundary surface. The quality of the CFD results has been
evaluated focusing on the main parameters obtained in the
numerical simulations comparing them with the values of
pressure, temperature, Mach number, velocity listed in ta-
bles proven by the experiments and past validations done
at Siemens. The numerical results have been compared
with flow parameters and data available at Siemens. After
demonstration of the match between the flow parameters
available and the numerics, comparisons between the cur-
rent numerical results and analytical data have been per-
formed. No comparisons with experiments with flow have
been taken into account in this study.

3.5. Forced Response Approach

A forced response approach has been used during the sim-
ulations, imposing a velocity-based wave excitation at the
inlet of the combustion chamber. The signal applied is a
superposition of multiple sine signals with a randomized
phase. frequency range of f = 20−2000 Hz, has been used
at small amplitudes of less than 1% of the mean values to
stay in the linear regime. The forcing applied is longitudi-
nal without including any circumferential modes. Pressure
and velocity signals have been recorded at various points
along the flow path during the numerical calculations. The
post-processing for all cases is performed using the multi-
microphone method in order to calculate the reflection co-
efficient, taking into account the effects of the mean flow.
This method will be discussed in detail in Section 3.6.

3.6. Multi-Microphone Method

The multi-microphone method can be considered as an ex-
tension of the two microphone method and it has been de-
scribed by several authors. The method presented in this
work refers to the works of Schuermans [24], Polifke et
al. [25] and Paschereit et al. [26, 27]. The Riemann invari-
ante p̂+ and p̂− are considered as the forward and backward
traveling waves and their complex amplitudes p̂(xm) are
derived from the measured values of three (or more) mi-
crophones. Multiple axial pressure measurements are used
in the current method in order to obtain an accurate ap-
proximation to the Riemann invariants in the frequency
domain. In this case, the system of equations is overes-
timated because the number of equations (3 or more) is
larger than the number of unknowns (2) and cannot be
solved by the application of conventional methods.

From the one-dimensional wave equation, the plane
wave acoustic field is decomposed into the upstream and
downstream propagating part p̂+ and p̂−. Each microphone
amplitude is composed of traveling waves p̂± by

p̂(xm) = p̂+e−ik+xm + p̂−e ik−xm , (3)

where k± = ω/(c ± u). Equation (3) can be extended to a
matrix that consists of all microphone probes,

e−ik
+x1 eik

−x1

e−ik
+x2 eik

−x2

...
...

e−ik
+xm eik

−xm


A

· p̂+

p̂−

a

=


p̂(x1)
p̂(x2)

...
p̂(xm)


b

. (4)

The system can be solved by

a = A+b, (5)

where A+ is the Moore-Penrose pseudo-inverse (func-
tion available in Matlab) of A. The solution for a (the
forward and backward traveling waves) is the best fit in
the least square sense. The values of the Riemann invari-
ants have to be calculated using an optimization technique
that searches for the best fit of the input data. Since this
method performs an average over several microphones, the
flow noise is reduced (see Yang et al. [28]) and it over-
comes the sensitivity to microphone spacing. In the cur-
rent study three microphones have been considered and
a distance of 0.15 m between the microphones has been
applied. The distance from the vane to the nearest micro-
phone is 0.15 m. The mics are positioned in the duct (can)
section where the flow is homogeneous (not affected by
the vanes).

3.7. Validity of planar wave assumption

To better understand the results shown in the plots, a cal-
culation of the cut-off frequencies has been performed for
both geometries under study. Below this cut-off frequency
no propagation of higher modes is possible and the sound
field consists of plane waves. In this situation, the recorded
amplitudes of the analyzed microphones do not depend on
the transversal location in the duct. The cut-off limit is de-
pendent on duct radius, mean Mach number and speed of
sound. The values of the cut-off limits have been calcu-
lated based on the cylindrical inlet section diameter for the
3D geometry and using the channel height for the 2D case.
The cut-off frequency for the 3D case has been calculated
as

ωc = µmn
c

r
1 −M2

x , (6)

where µmn is the n-th Eigenvalue of the Bessel function
for the azimuthal mode m and r the radius of the circular
section of the can. For 2D, the formula reads

ωc =
c

H
1 −M2

x , (7)

with the channel heightH .
For the 3D geometry the first higher radial and az-

imuthal modes can propagate above around 1300 Hz, at
least in the circular section where an analytical estimation
can be applied. As a consequence, results above this fre-
quency might reveal deviations due to transversal waves,
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pointing out the drop of accuracy shown by the method
used. The results shown beyond the validity range (above
f = 1300 Hz up to f = 2000 Hz) are presented as infor-
mation with the aim to perform in future further investi-
gations in this higher frequency range with different post-
processing methods. For the 2D case there are no higher
modes propagating within the excitation frequency range
used.

4. Analytical solutions

To assess the quality of the CFD results a comparison with
analytical results is made where possible. Depending on
the presence of flow, two types of analytical solutions are
used for the comparison.

For the no flow cases, the 1D transfer matrix method
is used. This approach is often used in 1D network mod-
els to analyze longitudinal combustor instabilities. For the
simulations with flow a formulation proposed by Cumpsty
and Marble [13] has been applied. In principle, both for-
mulations could be applied with and without flow, but the
divergence of the flow and acoustics propagation direction
has to be considered first.

In the case of a quiescent fluid, the thermodynamic state
on both sides of the vane passage is equal. The sound re-
flection is only influenced by the area blockage. The ques-
tion to answer here is at which angle the sound waves
leave the passage. In case of an undisturbed propagation
direction the blockage can be approximated with a straight
convergent-divergent nozzle with equal inlet and outlet
cross-section on either end. In this case the transfer ma-
trix method is easily applicable.

In case the sound waves follow the vane shape and de-
flect at least partially, the equivalent model for the trans-
fer matrix would be a convergent nozzle, where the outlet
cross-section is smaller than at the inlet.

For the case with a moving medium the flow accelera-
tion and the corresponding drop in pressure and temper-
ature have to be taken into account. Hence, for a correct
reproduction of the thermodynamic conditions at the out-
let the application of the 1D transfer matrix method is re-
stricted to a convergent nozzle.

To have a correct flow, the geometry needs to be con-
vergent. It is not possible to have correct (accelerated)
flow with a convergent-divergent geometry model. The
straight convergent-divergent scenario allows equal flow
conditions which are not realistic in a real stator cascade.
In the following, both analytical solutions are introduced.

4.1. Transfer matrix method

This method is valid for the assumption λ d where d
represents the diameter of the geometry. To obtain the fre-
quency dependent impedance and reflection coefficient of
a duct with slowly varying cross-section the transfer ma-
trix method can be used. In this method the geometry is
sliced in a sequence of elements for which the transfer
matrix is known. The transfer matrix relates the acoustic

pressure and velocity at the inlet and outlet of each duct
element. The relation reads [29]

p1

u1
= T

p2

u2
(8)

with

T = e−iMkcL cos(kcL) i(ρc/S) sin(kcL)
iS/(ρc) sin(kcL) cos(kcL)

, (9)

and L being the length, S the cross-section, and kc =
k/(1 −M2) the wave number in each duct element. The
response of the whole geometry is obtained by multiplying
the transfer matrices of all duct elements,

T = T1 · T2 · · · Tn. (10)

The termination is usually set to the free field impedance
representing anechoic conditions or an infinite continua-
tion of the duct. Finally the reflection coefficient can be
calculated with

R =
Z −Z0

Z +Z0
, (11)

where Z0 is the local free field impedance and Z the
impedance of the duct calculated from Equation (10).

4.2. Formulation of Cumpsty and Marble

An alternative analytical formulation to the transfer matrix
method has been proposed by Cumpsty and Marble [13] to
calculate the propagation of sound and entropy waves in a
stator vane cascade. This model is based on the principle
of the compact nozzle of Marble nd Candel [3] but con-
siders a two-dimensional configuration. The solution has
been applied more recently by Leyko et al. [12] and com-
pared to CFD results. In this assumption (valid only in the
limit of low frequencies) the characteristic wavelength λ
of waves is longer as compared to the nozzle length L,
λ L. The paper of Cumpsty and Marble [13] presents
the formula of the transmission coefficient TC = w+

2 /w
+
1

for a stator blade extended to flow without any references
to the frequencies

TC =
w+

2

w+
1

=
µ1

µ2

1 +M1 cos θ1 +
w−

1

w+
1

1 + M2
cos θ2

, (12)

where µ = (1 + (γ − 1)M2/2)−1, M1 and M2 are re-
spectively the Mach numbers at inlet and outlet of the ge-
ometry, θ1 and θ2 the flow angles at inlet and outlet, w+

2
reflected wave downstream and the reflection coefficient
R = w−

1 /w
+
1 with w−

1 reflected wave upstream and w+
1 in-

coming wave upstream side of the vane row

R =
w−

1

w+
1

= −
1 + 1

M1 cos θ1
− µ1

µ2

(1+M1 cos θ1)(M2 cos θ2+1)
M2(cos θ2+M2)

1 − 1
M1 cos θ1

− µ1
µ2

(1−M1 cos θ1)(M2 cos θ2+1)
M2(cos θ2+M2)

. (13)

The formulation of the transmission coefficient proposed
in Equation (13) has been applied to the 2D single vane
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Figure 4. Stator vane model rapresentation according to Cumpsty
and Marble [13].
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Figure 5. Analytical formula in Equation (12) applied to 2D sin-
gle vane.

and 3D geometries (see Figure 5) showing the same trend
presented in [12] in Figure 4b. In Figure 4 the relative ve-
locity vectorsW1 andW2 and the flow angles θ1 and θ2 on
both sides of the vane row are shown as clarification.

The Figure 4b shown in [12] compares the results ob-
tained from the 2D model configuration made by Cump-
sty and Marble [13] with the 1D compact nozzle model of
Marble and Candel [3]. The ratio of the acoustic responses
at the outlet of the vane row w+

2 and the acoustic one at
the inlet w+

1 have been plotted for different inlet and outlet
flow angles θ1 and θ2. The 2D and 1D models show differ-
ent results for several flow deviations, but for θ1 = θ2 both
theories coincide. Figure 5 in the current paper validates
the results obtained for the current 2D geometry studied
together with the outcomes presented in Leyko et al. [12]
in Figure 4b for the 2D model. In the current cases values
of M1 = 0.15, M2 = 0.7, θ1 = 0 rad and θ2 = 1.36 rad
have been considered, but Figure 5 shows the same range
of flow angles θ1 and θ2 used also in Leyko et al. [12] in
Figure 4b in order to represent the same trend of Leyko et
al. [12] for the 2D model. The amplitude of TC is decreas-

Figure 6. The distribution of the Mach number in the stator pas-
sage is presented for the 2D single vane case.

Figure 7. The distribution of the Mach number in the stator pas-
sage is presented for a slice cut of the 3D geometry.

ing monotonically with θ from about 1.2 at θ2 = 0 to 0 at
θ2 = 1.5 rad.

5. Results

The numerical results obtained for the 2D and 3D config-
urations shown in the previous sections will be compared
below since their flow structures are equivalent. In this sec-
tion a detailed study has been performed pointing out the
acoustical behavior and comparisons for both geometries.

5.1. Flow Field

At first, the flow obtained by the numerical flow simulation
has been presented for both configurations. Figure 6 and
Figure 7 depict the Mach behavior along the 2D and 3D
geometries.

For the 3D engine, the Mach trend has been shown
along a cut plane containing the vanes. In the same plots
also streamlines representing the deviation of the flow
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Figure 8. The distribution of the wave impedance in the stator
passage is shown for the 2D single vane case.

Figure 9. The distribution of the wave impedance in the stator
passage is shown for a slice cut of the 3D geometry.

have been included. In Figure 6 and Figure 7 it can be ob-
served how the flow is deflected by the vanes. Due to the
deflection the flow is accelerated, leading to an increase of
the Mach number to about 0.6.

Figure 8 and Figure 9 present the plane wave impedance
Z0 = ρ ∗ c obtained along the configurations.

This quantity has been chosen to represent the thermo-
dynamic state change caused by the acceleration of the
flow in the stator. For the chosen Mach number, a decrease
of Z0 by a factor of 1.5 can be observed for both geome-
tries.

5.2. Reflection Coefficient

The reflection coefficient obtained from the numerical
simulations is analyzed for all configurations. The results
analyzed with the multi-microphone method have been
compared and shown for the 2D and 3D configurations.

5.2.1. Non-reflective termination
The non-reflecting boundary conditions applied have been
verified at the outlet. In the ideal case, the result is not in-
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Figure 10. 2D versus 3D configurations. (a) Reflection coeffi-
cient spectrum at outlet, (b) Reflection coefficient phase at outlet.

fluenced by unphysical waves reflected by the NRBC. The
ideal reflection factor is hence R = 0. Rout represents the
reflection coefficient measured at the outlet in order to val-
idate the NRBC in the cases of no flow (2D geometry) and
flow (for 2D and 3D configurations) shown in Figure 10a
and Figure 10b. Rout shows a smoother behavior around
zero with average reflection coefficient of 0.1 for interme-
diate and high frequencies for the 2D configuration, but
it shows reflection for low frequencies. In case of the 3D
configuration with flow the reflection at the outlet reached
higher average values around Rout = 0.15.

For low frequencies all geometries present reflection
that can be attributed to imperfect behavior of the CFD
solutions. The reflection factors grow to significant values
for low frequencies and might result in inaccurate data in
this range. The growth is attributed to the boundary condi-
tion formulation where a relaxation factor is used to set a
trade-off between the non-reflectiveness and the controlla-
bility of mean values.

The non-reflecting boundary condition formulation em-
ployed uses a relaxation term to ensure that the tempo-
ral average at the boundary condition is close to the tar-
get value. For practical simulations the boundary condi-
tion time scale should be as small as possible to avoid
large deviations of the boundary conditions from the pre-
scribed mean value. For small time scales, however, the
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Figure 11. Impact of the boundary condition time scale on the
reflection coefficient.

boundary conditions become fully reflective. Thus, a com-
promise needs to be identified. In Figure 11 the measured
reflection coefficient of the outlet boundary condition for
a range of relaxation time scales is shown.

The relaxation time scale is normalized with the oscil-
lation frequency. To achieve a low reflection coefficient in
practical simulations the product of the lowest frequency
of interest and the relaxation time scale should be ≈10.
In the current paper, the value of 10 is reached for a time
scale of 0.01 and for the frequency of interest of 1000 Hz.
For the current lowest frequency of 20 Hz with the same
time scale of 0.01 we reach a value of 0.2 that corresponds
to higher values of reflection coefficient. The range of fre-
quencies is too wide in the current study and this value of
time scale has been chosen as the best compromise but the
accuracy is reduced for lower frequencies.

5.2.2. Reflection at the stator passage
The results showing the reflection coefficient R behavior
have been calculated for the 2D and 3D geometries in the
point located at the leading edge of the vane. The choice
of the reference point has no influence on the reflection
coefficient magnitude, but influences the phase.

5.2.3. Reflection without flow
The computed 2D vane Reflection Coefficient is pre-
sented in Figure 12a (magnitude) and Figure 12b (phase)
and compared with the analytical formulation in Equa-
tion (11). For the no flow case, the numerical simulations
have been compared with the analytical transfer matrix
method results described above. The vane passage cross-
sections have been approximated along the center stream
line mapping the vane stage to a 1D geometry similar to
a convergent-divergent nozzle configuration. The 3D case
results without flow have been not taken into consideration
in the current analysis because the speed of propagation
is the same in all directions since it is not forced by the
flow field into the flow direction. For this reason the multi-
microphone method is not appropriate to analyze this case.
The 2D geometry without flow shows good results anyway
due to the fact that the configuration is simpler compared
to the 3D case.
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Figure 12. Reflection coefficient phase for 2D and 3D cases com-
pared to analytical formulation. Reflection coefficient (a) magni-
tude and (b) phase for the 2D case compared to analytical for-
mulation in Equation (11): no flow.

For the R analyzed before the vane section, the numer-
ical curve representing the 2D geometry follows the ana-
lytical formula presenting the same trend. The reflection is
higher in the 2D numerical results as compared to the ana-
lytical method. The behavior shown by R reaches a maxi-
mum value aroundR = 0.7 maintaining then a flatter trend
starting from f = 1500 Hz. The change of the behavior at
f = 500 Hz might be attributed to low quality of the CFD
solutions in the low frequency range.

5.2.4. Reflection with flow

For situations with flow (see Figure 13) the numerical
results related to the reflection coefficient magnitude for
all configurations have been compared with the low fre-
quency approximation by Cumpsty and Marble [13] in
Equation (13).

Since both configurations present the same flow angle
and Mach conditions at inlet and outlet, the same results
obtained from the analytical formulation have been taken
into account as comparison with the numerical simula-
tions. In case of flow the curves representing the numerics
are steeper with higher values of R between R = 0.6 and
R = 0.8 for the increased Mach number.
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Figure 13. Reflection coefficient magnitude for 2D and 3D cases
compared to analytical formulation in Cumpsty and Marble [13]
in Equation (13): flow.

It is expected that the geometry effects could be respon-
sible. The analytical formulation in Cumpsty and Marble
[13] is not assuming the change in density over the vanes
but in the current study a reduction of density and temper-
ature because of acceleration could cause this effect. In the
3D case short physical times have been simulated and the
results have been shown as rough comparisons. Probably
the short times caused the cpsd (cross power spectral den-
sity) function in the microphone method to use inaccurate
windowing and resolution values. The 3D case is a new
topic and it has been taken into account in order to give a
first comparison with the performances of the 2D cases.

Figure 14a and 14b show the flow study performed for
the 2D single vane. Several simulations have been run
starting with a case without flow arriving to Mach num-
ber M ≈ 0.8. As shown before for no flow, the reflec-
tion curve shows a trend with values that are increasing
from R = 0 to R = 0.7. In case of flow in Figure 14a
the curve with M = 0.67 is flatter than the curve for
M = 0 maintaining constant at higher values of R be-
tween R = 0.6 and R = 0.8. For higher Mach number
of M = 0.81 the curve shows higher values of reflection
coefficient compared to the case with M = 0.67 in the
frequency range up to f = 1000 Hz. Above f = 1000 Hz
the numerical results are misleading due to the fact that the
post-processing method used becomes less accurate in this
higher frequency range.

Figure 15a and Figure 15b present the comparisons be-
tween the 2D geometry with no flow and with M = 0.67
and the 3D real engine forM = 0.65. The two curves with
high Mach show an accurate agreement in the frequency
range up to f = 1500 Hz with a similar trend of reflection
coefficient with overall constant values around R = 0.7.

5.3. Analysis of the sound propagation direction

An important aspect of the sound transmission though an
airfoil passage is the change of the sound propagation an-
gle. While the deflection of the mean flow is obvious, the
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Figure 14. 2D single vane flow study - Reflection coefficient
magnitude (a) and phase (b).

behavior of the acoustic perturbations behind the passage
is not. Based on the detailed numerical data available, an
analysis of the radiation direction has been performed.
The procedure is described below. For reason of geomet-
rical simplicity the 2D case has been used for the inves-
tigation. The unsteady pressure signal has been sampled
along a curve spanning from the inlet section to the outlet
of the computational domain. The line location is plotted
in Figure 16 and the data plotted over space and time are
depicted in Figure 17. The plot reveals lines of constant
positive and negative inclination representing downstream
and upstream propagation of sound. Some steeper lines at-
tached to the vane indicate convective propagation of tur-
bulent structures over a short distance.

To gain insight into the sound propagation angle behind
the vane, the propagation delay between two points on the
lines (indicated by the two dashed lines in Figure 17 at x =
0.45 m and x = 1 m) has been calculated using the cross-
correlation of the temporal signals at these two locations.

The available data from the CFD results, namely the
flow velocity components, speed of sound (from temper-
ature) and the calculated propagation delay can be com-
bined graphically as shown in Figure 18.

The average convective speed vector [Ux, Uy] is the ori-
gin of the circle with a radius equal to the speed of sound
c in the section downstream the vane. The effective axial
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Figure 15. 2D versus 3D configurations - Reflection coefficient
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Figure 16. Axial distance taken into account for the analysis of
the 2D vane.

propagation velocity is derived from the cross-correlation
delay and the line distance. It is indicated by the vertical
dashed line in the plot at about 1000 m/s. Knowing that
sound propagates axially with Ux + c, the propagation an-
gle can be found by finding the intersection of the vertical
line and the circle. The intersection in the particular case
is two-fold and at about ±7◦. Due to the fact that the prop-
agation is at an angle relative to the microphone distribu-
tion, a mismatch in propagation speed could be provoked.
However, the difference is very small considering the 7◦

angle and the major component of the propagation veloc-
ity is in longitudinal direction. In this case the use of the
two and multi-microphone methods is still justified. Both
solutions are mathematically valid, but the solution closer
to the flow direction appears more physical. In conclusion,
the acoustic propagation angle changes only slightly com-
pared to the mean flow when the sound passes the stator
stage.

Figure 17. Time evolution of the pressure signal analyzed.
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Figure 18. 2D vane sound propagation angle analysis.

6. Conclusion

Two models of different complexity have been analyzed in
this paper and numerical results have been compared with
analytical formulae. The CFD open source code Open-
FOAM has been used for the numerics. The forced re-
sponse approach has been applied provoking a wave ex-
citation at the inlet of each geometry. For both configu-
rations a frequency range of f = 20 − 2000 Hz has been
considered. Sampling data at probes have been pointed out
from the simulations and used in the post-processing anal-
ysis. A detailed study of the reflection coefficientR behav-
ior before the vanes has been performed for the 2D and 3D
geometries. The reflection coefficient has been analyzed
also at the outlet in order to validate the NRBC. The results
obtained present an average reflection of 0.1 that does not
affect significantly the simulations. For low frequencies all
geometries present reflection that can be also in these cases
attributed to low quality of the CFD solutions at low fre-
quency. The 2D geometry and the 3D real engine present
equivalent flow structures giving the possibility to make
an accurate comparison. In case of no flow the 2D config-
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uration has been compared with the analytical formulation
of the 1D transfer matrix method. For comparison with the
numerical results, a convergent-divergent nozzle has been
chosen as equivalent model for the 1D transfer matrix.
This approximation has been proved in this work pointing
out that the sound wave propagation follows quite straight
the vane shape. The numerical results follow the analyt-
ical trend overall in an accurate way. In case of flow the
behavior of the analytical approximation shown in Cump-
sty and Marble [13] has been evaluated and compared with
the 2D and 3D numerical results. It needs to be taken into
account that the analytical formula does not consider the
effects of the turbulence contrary to the numerics. This can
explain the overall higher values of reflection coefficient
shown in the numerics compared to the analytical approx-
imation. The numerical results follow the analytical trend
with reasonable agreement. The sound propagation angle
behind the vane has been also analyzed. For higher Mach
number of about 0.7 a small deviation of about 7◦ from
the mean flow direction has been revealed. The numerical
results shown for both 2D and 3D geometries pointed out
overall a good agreement between the two configurations
as expected.
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