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An analytical theory has been developed for the capillary bridge force between non-perfectly wettable, equal-
sized spherical particles for the pendular regime. In this theory, the meridional profile of the axisymmetric cap-
illary bridge is represented by part of an ellipse. The geometrical parameters in this description are determined
from the boundary conditions at the three-phase contact circle at the spherical particles and at the neck and
by the condition that themean curvature be equal at the three-phase contact circle and at the neck. Thus, the cur-
rent theory takes into account properties of the governing Young-Laplace equation. These geometrical parame-
ters are expressed in terms of the volume of the capillary bridge and the separation distance between the
spherical particles. The theory results in a rupture criterion that agrees well with a rupture criterion from litera-
ture that is based onmany numerical solutions to the Young-Laplace equation. The predicted dependence of the
capillary force on capillary bridge volume and interparticle separation agrees well with that obtained from nu-
merical solutions of the Young-Laplace equation, without having introduced any calibrated fitting parameters,
when the contact angle θ is in the range 0° ≤ θ ≤ 20° and when the ratio of capillary bridge volume to the radius
of the spheres cubed is smaller than 10−3.

© 2018 Elsevier B.V. All rights reserved.
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1. Introduction

Capillary bridges between particles are ubiquitous in nature [1–3].
The prediction of the capillary bridge force between two particles is
therefore important in many problems in science and engineering,
such as powder technology, geotechnical engineering,mining engineer-
ing and agriculture. Such capillary bridge forcemodels are (also) impor-
tant in studies of the behaviour of partially saturated granularmaterials
using the Discrete Element Method [4], for instance [5–14].

Depending on the liquid content, different regimes are observed,
listed here in the order of increasing liquid content: (i) pendular regime
with a single capillary bridge between two particles, (ii) funicular re-
gime with coalesced capillary bridges and (iii) fully saturated regime.

This study focusses on the pendular regime, considering its impor-
tance to the behaviour of granular systems with low liquid content
and the complexity of the distribution of capillary bridges in granular
systems in the funicular regime [15–20]. The particles are taken to be
equal-sized, non-perfectly wettable spherical particles. It is assumed
that the capillary bridge is axisymmetric around the axis connecting
the centres of the two particles. The focus here is on predicting the
capillary force from given values of the capillary bridge volume and
the interparticle separation distance. The dependence of the capillary
force on the Laplace pressure difference (dependent on the relative hu-
midity) and the interparticle separation distance has been studied nu-
merically in [11,21,22].

Experimental studies of the dependence of the capillary bridge force
on the separation distance between two spherical particles have been
reported in [23–31]. For fixed value of the capillary bridge volume, the
capillary force decreases with increasing separation between the spher-
ical particles [24,26]. Experimental studies also show that an increase of
the contact angle leads to a reduction of the capillary bridge force [23].
Fairbrother and Simons [32] measured the rupture distance, i.e. the
maximum separation for which a capillary bridge may exist, between
two equal-sized spheres for contact angles of 0°, 34° and 50°. Their ex-
perimental data are in good agreement with the rupture criterion re-
ported in [33] that has been based on many numerical solutions of the
governing Young-Laplace equation.

Theoretical approaches to describe capillary bridges between two
spherical particles are generally based on the well-established Young-
Laplace equation, for example [2,3,24,29,33–36]. Other, more involved
methods have also been used: surface-area minimisation methods
(e.g. [15]) based on Surface Evolver [37]; Lattice-Boltzmann method
simulations [38,39]; density functional theory [40]. The Young-Laplace
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equation employed here is a general equation describing capillary sur-
faces, according towhich themean curvature of the capillary bridge sur-
face is constant.

Besides numerical solutions of the Young-Laplace equation (that are
effectively exact when the discretisation of the governing equation is
sufficiently fine) [2,3,24,33,34], various fits [2,5,6,24] to large sets of nu-
merical solutions (with limited physical meaning and involving numer-
ous calibrated fitting parameters) and various analytical
approximations have been developed. Such analytical approximations
provide better understanding of the important parameters. Note that
these three approaches are complimentary; in the current study an an-
alytical theory is developed that does not involve calibrated fitting
parameters.

Fisher [41] developed the analytical, toroidal approximation, in
which the meridional profile of the capillary bridge is considered to be
a part of a circular arc. However, this approximation does not take
into account the Young-Laplace equation, as it is solely considering
boundary conditions [26,35,42,43]. A second approximation is the
Derjaguin approximation [2,44] that is based on the assumption that
the circumferential curvature is much smaller than the meridional cur-
vature. However, the validity of this approximation has been found to
be limited to small capillary bridge volumes and near-zero separation
distances [2,24].

Recently, Kruyt andMillet [3] have developed an analytical theory for
predicting properties (primarily capillary force and rupture criterion) of
capillary bridges for perfectlywettable (hencewith contact angle equal to
zero) spherical particles that takes into account properties of the Young-
Laplaceequation. In their approach themeridional profile of the capillary
bridge surface is represented by a part of an ellipse.

The objective of the current study is to extend their approach to the
case of non-perfectly wettable (thus with contact angle larger than zero)
spherical particles. Experiments [32] and numerical solutions of the
Young-Laplace equation [11,24,33,43] have demonstrated the impor-
tance of the contact angle to the capillary force.

The outline of the study is as follows. The geometry of the capillary
bridge, the governing Young-Laplace equation and the adopted numer-
ical solution method are presented in Section 2. The adopted approxi-
mation of the meridional profile of the capillary bridge is discussed in
Section 3. The obtained rupture criterion and expressions for the capil-
lary bridge force are detailed in Section 4. Section 5 presents thefindings
of this study.

2. Capillary bridge geometry and Young-Laplace equation

In this study, an axisymmetric capillary bridge between two equal-
sized spherical particles in the pendular regime, in the absence of grav-
ity, is considered. The surfaces of the spherical particles are assumed to
be smooth so that contact angle hysteresis, that arises due to surface
roughness and heterogeneity [25,45,46], does not need to be consid-
ered. In Section 2.1 the geometry of the capillary bridge is described,
Fig. 1.Meridional geometry of an axisymmetric capillary bridge between two equal-sized spher
are the (half) filling angle δ and the dimensionless (half) interparticle separation distance S.
in Section 2.2 the Young-Laplace equation is given that describes the ge-
ometry of capillary surfaces and in Section 2.3 the adopted numerical
resolution method for the Young-Laplace equation is formulated.

2.1. Geometry of the capillary bridge

All coordinates are made dimensionless by scaling them with the
particle radius a. The dimensionless axial coordinate is denoted by X,
while the dimensionless local radius of the axisymmetric capillary
bridge surface is denoted by Y(X), see also Fig. 1.

In the following, two locations on themeridional profile are very im-
portant: (i) the neck that is located in the middle between the two
spherical particles, with meridional coordinates (0,Y0) and (ii) the
three-phase contact circle, with meridional coordinates (Xc,Yc). Coordi-
nates Y0 and Yc are called the neck radius and the contact radius (a short
for radius of the three-phase contact circle), respectively. As the merid-
ional profile is symmetrical aroundX=0, it is sufficient to only consider
the part on the right, with X ≥ 0. The coordinates of the contact circle
(for the particle on the right) can also be expressed in terms of the di-
mensionless (half) separation S and the (half) filling angle δ by

Xc ¼ 1þ S− cosδ Yc ¼ sinδ ð1Þ

Since capillary bridges with small volume, and hence small filling
angle δ, are considered here, Eq. (1) can be further written as

Xc≅Sþ 1
2
Y2
c Yc≅δ ð2Þ

Considering the symmetry of the capillary bridge between the two
equal-sized spherical particles, we have at the neck

Y 0ð Þ ¼ Y0 Y 0 0ð Þ ¼ 0 ð3Þ

where Y′(0) is given by Y′(X) ≡ dY/dX at X=0.
At the contact circle, the following conditions are satisfied

Y Xcð Þ ¼ sinδ ≡ Yc Y 0 Xcð Þ ¼ cot δþ θð Þ ≡ Y 0
c ð4Þ

where θ is the contact angle that is considered to be constant. Yc′ can also
be expressed in terms of Yc and θ as

Y 0
c ¼

1−TYc

T þ Yc
with T ¼ tanθ ð5Þ

2.2. Young-Laplace equation and capillary force

The capillary bridge profile Y(X) is described by the well-known
Young-Laplace equation, according to which the (dimensionless)
mean curvature of the capillary bridge is constant, H. For axisymmetric
es with radius a and contact angle θ. Coordinates X and Y are dimensionless. Also indicated

Image of Fig. 1
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capillary bridges, the Young-Laplace equation becomes [2,24,33,34].

K Y½ � ≡ Y 00

1þ Y 02
� �3=2 − 1

Y
1

1þ Y 02
� �1=2 ¼ H; ð6Þ

where K[Y] is the curvature operator, Y′ = dY/dX and Y′′= d2Y/dX2.
The (constant) mean curvature H is a function of the particle radius
a, the Laplace pressure difference pext − pint between exterior and in-
terior of the capillary bridge and the surface tension γ (γ= 72.8 ×
10−3 N/m for water-air interfaces at a temperature of 20°C). H is
given by

H ¼ a
pext−pint

γ
ð7Þ

where pext and pint are the pressures exterior and interior to the cap-
illary bridge, respectively. Experimental evidence for the appropriate-
ness of the Young-Laplace equation for describing the capillary surface
geometry is given in [47], for example.

Solutions to the Young-Laplace equation, Eq. (6), have a first integral
[33,34].

Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Y 02

q þ 1
2
HY2 ¼ const ¼ λ; ð8Þ

corresponding to axial force equilibrium of an axially infinitesimal
cross-section of the capillary bridge.

The Young-Laplace equation is a second-order nonlinear ordinary
differential equation, for which appropriate boundary conditions are
given by Eqs. (3) and (4). Substituting these boundary conditions into
Eq. (8), the constants H and λ can be expressed in terms of the neck ra-
dius Y0 and the contact radius Yc as

1
2
H ¼

Y0−
Ycffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ Y 02
c

q
Y2
c−Y2

0

λ ¼ Y0 þ 1
2
HY2

0 ð9Þ

The capillary bridge force Fcap between two spherical particles with
radius a can be written in terms of the constant λ as

Fcap ¼ 2πaγð Þλ ð10Þ

Hence λ represents the dimensionless capillary force.

2.3. Numerical solution of the Young-Laplace equation

The Young-Laplace equation is an ordinary differential equation, for
which various numerical solution methods have been suggested
[2,3,33,34]. Here, the relatively simple method suggested in [3] has
been adopted. As shown in [3], the meridional profile X(Y), the dual of
Y(X), can be obtained from an integral (rather than from a differential
equation)

Xc−X Yð Þ ¼
Z Yc

Y

λ−
1
2
HY2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2− λ− 1

2HY
2

h i2r dY ð11Þ

where the constants H and λ are given in Eq. (9). The employed
numerical integration method (with adaptive stepsize) is described in
detail in [3].

Based on the obtainedmeridional profile Y(X) of capillary bridge, the
capillary bridge volumeV can be determined (by numerical integration)
from

V ¼ 2π
Z Xc

0
Y2dX−2Vcap ð12Þ

in which Vcap = π/3(1− cos δ)2(2+ cos δ) is the volume of the cap of
the spherical particles (see also [3,16]).

By specifying, for a number of values for the contact angle θ, (a large
number of) different values for the half-filling angle δ and for the neck
radius Y0, a large number of (high-accuracy) numerical solutions to
the Young-Laplace equation has been obtained.

3. Description of the capillary bridge profile by an ellipse

In this section, an analytical theory is developed inwhich themerid-
ional profile of the capillary bridge is approximated by a part of an el-
lipse, as suggested in [3]. The current study extends that in [3] for
perfectly wetting spherical particles with θ = 0° by considering here
non-perfectly wetting spherical particles with θ ≥ 0°.

3.1. Ellipse equation

Based on observations of the meridional profile Y(X) of the capillary
bridge obtained by numerically solving the Young-Laplace equation, it
was noted in [3] for the casewith θ=0∘ that the capillary bridge profile
can be well described by part of an ellipse

X2

B2 þ M−Yð Þ2
C2 ¼ 1 ð13Þ

in which B and C are the lengths of the half-axes and (0,M) is the centre
of the ellipse.

The accuracy of the description of the meridional profile Y(X) of the
capillary bridge (obtained using the numerical integration method
given by Eq. (11)) by a part of an ellipse for cases with non-zero contact
angles is shown in Fig. 2. The observed good agreement (the lines are
hardly discernible), for small and large separations S, demonstrates
that the approximation of themeridional profile Y(X) by a part of an el-
lipse, Eq. (13), is also accurate for the case of non-zero contact angles
when θ ≤ 20°. For contact angles θ N 20° and large separations, the me-
ridional profile Y(X) is no longer well described by an ellipse, thus the
current theory becomes inaccurate. The description of the meridional
profile by an ellipse is more accurate than a polynomial description
(as employed in [48,49], for example; data not shown).

From the boundary conditions given by Eqs. (3) and (4), the geomet-
rical parametersM, B and C in the description of an ellipse, Eq. (13), can
be determined

M ¼
YcXcY

0
c− Y2

c−Y2
0

� �
XcY

0
c−2 Yc−Y0ð Þ C ¼ M−Y0 B ¼ Xcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− M−Yc
M−Y0

� �2r ð14Þ

Since the coordinates Xc and Y0 vary with Yc, the scaling method in-
troduced in [3] has also been adopted here

P ¼ Xc

Yc
Q ¼ Y0

Yc
ð15Þ

Here, P represents the scaled axial position of the contact circle and Q
represents the scaled neck radius. The appropriateness of this scaling
method for contact angles θ ≤ 20° has been verified using results from
numerical solutions of the Young-Laplace equations. For the right part
(X ≥ 0) of the capillary bridge, P and Q satisfy P ≥ 0 and 0 ≤ Q ≤ 1.

By substituting Eqs. (5) and (15) into Eq. (14) and performing a Tay-
lor series expansion in the small contact radius Yc, the expressions for



Fig. 2.Meridional profiles Y(X) of the capillary bridge obtained by numerically solving the Young-Laplace equation (red, solid lines) and elliptical fits (blue, dotted lines). The symmetrical
meridional profile is only shown for X ≥ 0. Part of the right spherical particle is shown in black. (a): small separation Swith contact angle of θ=5° (parameters: Yc=0.1581, Y0 = 0.1469;
aspect ratio of fitted ellipse 0.9787); (b): large separation Swith contact angle of θ=5∘ (parameters: Yc=0.1216, Y0 = 0.0281; aspect ratio of fitted ellipse 0.3934); (c): small separation S
with contact angle of θ=20° (parameters: Yc=0.1567, Y0 = 0.1486; aspect ratio of fitted ellipse 0.9783); (d): large separation Swith contact angle of θ=20° (parameters: Yc =0.0968,
Y0 = 0.0259; aspect ratio of fitted ellipse 0.0380).
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the parametersM, B and C become

M≅
Q2T þ P−T
2 Q−1ð ÞT þ P

Yc C≅−
Q2T þ PQ−2TQ−P þ T

2 Q−1ð ÞT þ P
Yc B≅

Q−1ð ÞT þ Pð ÞPffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P 2 Q−1ð ÞT þ Pð Þp Yc

ð16Þ

Note that in the toroidal approximation (see [2,3,33]) B= C, corre-
sponding to the relation between P (denoted as Ptor) and Q given by

Ptor ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
þ T

� �
1−Qð Þ ð17Þ

For the perfectly wetting case with contact angle θ=0° (T=0), Eq.
(17) is consistent with P=1− Q as given in [3].
3.2. ‘Closure’ relation

In the current approach the meridional profile is described by an el-
lipse that contains the parameters Yc (or P) and Y0 (or Q). With fixed
values of the contact radiusYc and the separation distance S, the neck ra-
dius Y0 is an unknown parameter whose value has to be determined
from an additional equation. This so–called ‘closure’ relation [3] is ob-
tained by requiring that the mean curvature of the capillary bridge sur-
face at the neck be equal to that at the contact circle, expressed as

K Y½ � X ¼ 0ð Þ ¼ K Y½ � X ¼ Xcð Þ ð18Þ

This requirement means that the property of constant mean curva-
ture of the Young-Laplace equation is taken into account, contrary to
in the often-used toroidal approximation.

Combining the closure relation Eq. (18)with Eqs. (6), (13) and (16),
it follows after some lengthy algebra (performed with the symbolic
mathematics softwareMaple) that the closure relation can be expressed
as a relationship h(P,Q) = 0 between P and Q

h P;Qð Þ ≡ Q P3 þ Q−1ð Þ T2 þ 1
� �3=2

Q−1ð Þ− T2 þ 1
� �

Q−T2−4
� �

TQ
� �

P2

þT Q−1ð Þ2 T2 þ 1
� �3=2

Q−1ð Þ− T2 þ 1
� �

Q−T2−4
� �

TQ
� �

P

þQ Q−1ð Þ3 T2 þ 1
� �3=2

þ T3
� �

¼ 0

ð19Þ

when P+ T(Q− 1) ≥ 0. For θ=0° the current closure relation reduces
to that obtained in [3] where the case of contact angle θ=0° has been
considered. It is readily verified that h(P=0,Q) ≤ 0 and ∂h(P,Q)/∂P ≥ 0
for P ≥ 0, 0 ≤ Q ≤ 1 and T ≤

ffiffiffi
3

p
(θ ≤ 60°). Hence, the cubic equation for P

(at fixed value of Q) has a single, non-negative root. Therefore, this
non-negative solution can be expressed as a functional relationship P
= F(Q).

This function P= F(Q) is compared to results from numerical solu-
tions of the Young-Laplace equation and with the toroidal approxima-
tion in Fig. 3. The results shown in Fig. 3a, c show the existence of a
point where the maximum value of P is attained. This ‘critical’ point is
denoted by (Q∗,P∗).

Fig. 3 shows that the relation of Q given P has two branches (Q ≤ Q∗

and Q ≥ Q∗). This was also noted in [3,34] for the perfectly wetting case
with θ= 0°. Only the branch with Q ≥ Q∗, with smaller surface area of
the capillary bridge, is physically relevant (see for instance [3,34]).

The theoretical closure relation P= F(Q) agrees well with numerical
solutions of the Young-Laplace equation when the contact angle θ ≤ 20°

and the capillary bridge volume V is small (see Fig. 3a, c), much better
than that according to the toroidal approximation when Q is close to
its critical value Q∗. The slope of Eq. (19) at the point (Q = 1, P = 0)

equals−ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ TÞ, which is identical to that of the toroidal approx-

imation given by Eq.(17).
For larger capillary bridge volumes V (see Fig. 3b, d), there is no lon-

ger a unique relation betweenQ and P, as the results from the numerical
solutions of the Young-Laplace equation lie in a band around (mainly
above) the theoretical closure relation. This was also observed in [3]
for the perfectly wetting case θ=0°.

Image of Fig. 2


Fig. 3. Theoretical closure relation P= F(Q) (red, solid line), conforming to the real, non-negative solution of Eq.(19) for P (givenQ). The critical point (Q∗,P∗) is indicated that corresponds
to the maximum of P= F(Q). Data shown as grey points correspond to numerical solutions of the Young-Laplace equation, for ranges of capillary bridge volume V and contact radius
specified below. Also indicated (black, dashed line) is the relation according to the toroidal approximation, Eq. (17). The values of contact angle θ, capillary bridge volume V and
contact radius Yc are: (a) θ=5°, V ≅ 10−6 and Yc b 0.05; (b) θ=5°, V b 0.05 and Yc b 0.10; (c) θ=20°, V ≅ 10−6 and Yc b 0.05; (d) θ=20°, V b 0.05 and Yc b 0.10.
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3.3. Approximate inverse of closure relation, F−1(P)

For the determination of the capillary force in Section 4.2, it is re-
quired to evaluate Q from given P (or S), hence to find Q= F−1(P), for
the branch Q ≥ Q∗. This corresponds to the solution of the cubic Eq.
(19) in Q, for which (complicated) analytical expressions are known
(see for example [50]). For the current analytical study a simpler ap-
proximation is desirable and sufficient.

To this end, it has been suggested in [3] to use a Padé approxima-
tion to represent Eq. (19) and to solve a quadratic equation in Q
(given P) in order to obtain F−1(P). Details of this Padé approximant,
accounting for the influence of the contact angle θ ≥ 0∘, are given in
Appendix A.
Alternatively, a new and simpler approximate method is proposed
here to directly obtain Q from P for the physically-relevant branch Q ≥
Q∗. This approximation accounts for the following properties of the rela-

tion P= F(Q): (i) F(1) = 0, (ii) F 0ð1Þ ¼ −ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ TÞ (compare Eq.

(17)), (iii) F(Q∗) = P∗ and (iv) F′(Q∗) = 0. For this purpose, we assume
that the relation between Q and P is given by

Q ¼ F−1 Pð Þ≅ f Pð Þ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L Pð Þ−Q �

q
þ Q � ð20Þ

in which the function L(P) is a second-order polynomial in P

L Pð Þ ≡ K2P
2 þ K1P þ K0 ð21Þ

Image of Fig. 3
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where K2, K1 and K0 are constants. Constraints for Eqs. (20) that corre-
spond to the properties (i), (ii) and (iii) above are

f 0ð Þ ¼ 1 f 0 0ð Þ ¼ −1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

f P�ð Þ ¼ Q � ð22Þ

where f′(P) = df(P)/dP. Constraint (iv) is automatically satisfied
through the use of the square root function in Eq. (20) for f(P) and prop-
erty (iii).

The coefficientsK0,K1 andK2 in Eq. (21) can be determined fromEqs.
(20) and (21) and the constraints in Eq. (22), resulting in

K0 ¼ Q�2−Q � þ 1 K1 ¼ −2 1−Q�ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
−T

� �
K2

¼
2 1−Q�ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
−T

� �
P�− 1−Q�ð Þ2

P�2 ð23Þ

Accordingly, L(P) becomes

L Pð Þ ¼
2 1−Q �ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
−T

� �
P�− 1−Q �ð Þ2

P�2

2
4

3
5P2

− 2 1−Q �ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
−T

� �� �
P þ Q�2−Q � þ 1

ð24Þ

After substitution of Eq. (24) into Eq. (20), Q can be expressed as a
function of P, given by

Q ¼ f Pð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−Q�ð Þ P−P�ð Þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
−T

� �
PP�− P þ P�ð Þ 1−Q �ð Þ

h ir
P� þ

ð25Þ

Through the use of Eq. (25), the inverse F−1(P) of the closure relation
Eq. (19) can be well approximated by f(P) for the physically relevant
branch (Q ≥ Q∗, with smaller surface area), as is shown in Fig. 4.
Fig. 4. Two branches of the inverseQ= F−1(P) to the closure relation Eq. (19) (black, solid line)
contact angles (a): θ=5° and (b): θ=20°.
3.4. Relation between contact radius, capillary bridge volume and
separation

With the ellipse equation Eq. (13) for themeridional profile Y(X) and
its geometrical parameters M, B and C in Eq. (16), the capillary bridge
volume V defined in Eq. (12) has been obtained after performing a
linearisation in T

V≅
π
3

G Qð ÞP− J Qð ÞTð Þ½ �Y3
c−

π
2
Y4
c ð26Þ

where the functions G(Q) and J(Q) are given by

G Qð Þ ¼ 4Q2 þ 3π−8ð ÞQ þ 10−3πð Þ
J Qð Þ ¼ 8−3πð ÞQ3 þ 12π−36ð ÞQ2 þ 48−15πð ÞQ þ 6π−20ð Þ ð27Þ

As discussed in [3] and in Section 3.2, there are two branches for F−1

(P) where only the branch with Q ≥ Q∗ is relevant. For this branch the
composite functions G(F−1(P)) and J(F−1(P)) are approximated by Tay-
lor series expansion around (P=0,Q=1)

G F−1 Pð Þ
� �

≅6−3π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

q
−T

� �
P J F−1 Pð Þ

� �
≅ 3π−12ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

q
−T

� �2

P2

ð28Þ

The good accuracy of these approximations to the functions G(F−1

(P)) and J(F−1(P)) is demonstrated in Fig. 5. Therefore, it is sufficient
to use these simpler approximations, rather than Eqs. (27), for Q ≥ Q∗.

Substituting Eq. (28) into Eq. (26) and expressing P in terms of the
separation distance S and the contact radius Yc through the use of Eqs.
(2) and (15), the relation between contact radius Yc, capillary bridge
volume V and separation distance S becomes

Ts Y
5
c þ Y4

c þ 4STsð ÞY3
c þ 4Sð ÞY2

c þ 4S2Ts

� �
Yc þ −Vsð Þ ¼ 0 ð29Þ

Here Ts and Vs are abbreviations for expressions involving T and V
and the approximantQ= f(P) for the branchQ ≥ Q∗ (red, dashed line) given by Eq. (25) for

Image of Fig. 4


Fig. 5.Twobranches of the composite functionsG(F−1(P)) (left column; a, c) and J(F−1(P)) (right column; b, d), togetherwith their approximants given by Eq. (28) for the branchQ ≥ Q∗ for
contact angles of (a, b): θ=5° and (c, d): θ=20°.
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respectively, defined by

Ts ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
−T

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
−T

� �
π−4ð ÞT þ π

h i
2

Vs ¼ 2
π
V ð30Þ

For contact angles 0° ≤ θ ≤ 60°, the value of Ts is−π/2 ≤ Ts b − 3/10.
Since this study considers only small capillary bridge volumes, Yc ≪ 1,
the quintic term in Yc of Eq. (29) is negligible comparedwith the quartic
term, and the cubic term in Yc of Eq. (29) is negligible in comparison to
the quadratic term. Hence, Eq. (29) can be equivalently expressed as a
depressed (as the coefficient of Yc3 equals zero) quartic equation

u Ycð Þ ≡ Y4
c þ 4Sð ÞY2

c þ 4S2Ts

� �
Yc þ −Vsð Þ ¼ 0 ð31Þ

The discriminant (see for example [50]) of the quartic polynomial
u(Yc) is negative (as follows after some algebra), so the quartic polyno-
mial has two real and two complex conjugate roots. Since u(0) b 0 and
u→ ∞ when Yc → ± ∞, the quartic equation has one negative and one
positive real root. Only the latter root is relevant for the physical prob-
lem considered.

Comparing Eq. (31)with the relation between contact radius Yc, cap-
illary bridge volume V and separation S obtained in [3] for the case with
contact angle θ=0° (T=0), here the coefficient of the linear term in Yc
involves the contact angle θ, through the factor Ts.

Two regimes can be identified for solutions to Eq. (31) for the con-
tact radius Yc [3]: (i) Regime S with ‘small’ separations and (ii) Regime
L with ‘large’ separations S.

For small separationsS the linear terminYc inEq. (31) (withcoefficient
proportional to S2) can be neglected and the quartic equation reduces to a
biquadratic equation whose (positive) solution for Yc is given by [3].

RegimeS :
Yc

V1=4
s

¼ f ξð Þ ξ ¼ S

V1=2
s

f ξð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2ξþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ξ2

qr
ð32Þ

For large separations Yc is small (compared to S) and hence the quar-
tic term in Yc in Eq.(31) can be neglected. Solving the corresponding
simplified quadratic Eq. (31) for Yc gives ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffis

RegimeL :

Yc

S
¼ g ηð Þ η ¼ S

V1=3
s

g ηð Þ ¼
−Ts þ T2

s þ
1
η3

2

ð33Þ

In comparison to the solution for Yc obtained in [3] (where θ= 0°)
for regime L, the function g(η) in Eq. (33) involves the contact angle θ
(or T) through the factor Ts.
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Table 1
Critical values for P∗, Q∗ (determined by Eq. (19)) and J∗, G∗ (determined by Eq. (27)) for
various contact angles θ.

Contact angle θ P∗ Q∗ J∗ G∗

0° 0.4121 0.3383 −0.7147 1.5152
5° 0.4556 0.3335 −0.7221 1.4954
10° 0.5018 0.3292 −0.7287 1.4779
15° 0.5510 0.3249 −0.7352 1.4605
20° 0.6038 0.3201 −0.7426 1.4413

Fig. 6. Coefficientα for the critical separation Scrit according to the current theory, Eq. (37),
and according to [33], Eq. (36), for contact angles θ ≤ 20°.
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Following the approach suggested in [3] for the casewith θ=0°, the
solutions for the regimes L and S given by Eqs. (32) and (33) can be
combined, resulting in the following explicit expression for the (ap-
proximate) solution for the contact radius Yc as a function of the capil-
lary bridge volume V and the separation S

Yc ¼ 2S3=2V−1=4
s f ξð Þg ηð Þ ð34Þ

The accuracy of the approximation Eq. (34) has been checked for
various values of the contact angle θ and has been found to be sufficient
(data not shown), as in [3] for the case with θ=0°.

Note that for zero separation distance, S→ 0, Eq. (34) yields that the
contact radius at zero separation, Yc0, depends only on the capillary
bridge volume V

lim
S→0

Yc ≡ Yc0 ¼ V1=4
s ¼ 2

π

� �1=4

V1=4 ð35Þ

which is the same as obtained in [3] (for θ=0°) and hence is indepen-
dent of the contact angle θ.

4. Rupture criterion and capillary bridge force

In Section 4.1 the rupture criterion corresponding to the proposed
analytical theory is formulated. Expressions for the capillary force are
given in Section 4.2.

4.1. Rupture criterion

According to experimental observations [23–31], capillary bridges
are ruptured when a critical separation distance Scrit is attained (at
fixed capillary bridge volume V). Lian et al. [33] formulated a criterion
for this critical separation, based on many numerical solutions of the
Young-Laplace equation

Scrit≅αV
1=3 α ¼ 1

2
1þ 0:5θð Þ ð36Þ

with θ in radians. It should be noted an extended rupture criterion [2]
(that again is based on many numerical solutions of the Young-Laplace
equation), valid for larger capillary bridge volumes V, incorporates an
additional term 0.1V2/3.

Here it is shown how the developed analytical theory results in a
prediction for this critical separation Scrit. An important observation is
that the closure relation, Eq. (19), exhibits a maximum in P (note that
P is related to the separation S, see Eqs. (2) and (15)). The corresponding
values of P and Q are denoted by P∗ and Q∗.

For large separation distance S, the contact radius Yc is small, thus in
Eq. (26) the term involving Yc

4 can be neglected in comparison to the
term involving Yc

3. Therefore, when (P,Q) correspond to the critical
point (P∗,Q∗), the (half) critical separation Scrit between the two spheri-
cal particles is given by

Scrit≅αV
1=3 α ¼ 3

π
P�3

G�P�− J�T

 !1=3

ð37Þ

where G∗ and J∗ are determined fromEq. (27) withQ= Q∗. Values for P∗,
Q∗, J∗ and G∗ at specified contact angles are given in Table 1. Eq. (37) re-
duces to the corresponding expression given in [3] for the case of θ=0°

(T=0).
The current, analytical rupture criterion given by Eq. (37) is com-

pared to that according to Eq. (36) for various contact angles θ in Fig.
6. The values of α according to Eq. (37) agree well with those according
to Eq. (36), with a difference that is smaller than 5%.
4.2. Capillary bridge force

Given values of the capillary bridge volume V and the separation dis-
tance S, the contact radius Yc can be determined from Eq. (34) and Q
subsequently follows from Eqs. (2) and (25). Hence, it is desirable to
evaluate the capillary bridge force Fcap in terms of these variables. The
dimensionless capillary force λ is obtained by substituting Eqs. (2), (5)
and (15) into Eq. (9) and by performing a Taylor series expansion in
Yc, resulting in

λ≅
Q

1−Q2 1−
TQffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
 !

Yc ð38Þ

When the contact angle θ= 0°, this expression reduces to that ob-
tained in [3] (where the case θ=0° has been considered). Eq. (38) indi-
cates that the capillary force decreases with the increase in the contact
angle θ (or T), which is consistent with experimental observations
(see for example [1,24,26,30]).

The dimensionless capillary forces λ predicted by Eq. (38) have been
compared with those from numerical solutions of the Young-Laplace
equation and with the fit by Willett el al. [24] (from their Appendix)
for the case of contact angle θ=20°, see Fig. 7. The predictions accord-
ing to the current theory show good agreement with the results of the
Young-Laplace equation for various values of capillary bridge volume
V and separation distance S. In particular, it is more accurate than the
method of Willett el al. [24] for the small capillary bridge volume V=
10−6.

The deviation in the dimensionless capillary bridge force predicted
by the current theory, λ, compared to that from the numerical solution
of the Young-Laplace equation, λYL, is characterised by the relative

Image of Fig. 6


Fig. 7.Dimensionless capillary forces λ according to numerical solutions of the Young-Laplace equation, the fit suggested in [24] and the current theory. Contact angle θ=20°. The critical
separation Scrit is determined from Eq. (37).
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deviation by ∣(λ − λYL)/λYL∣. The deviation decreases with increasing
contact angle θ, for all capillary bridge volumes. For separations S ≤
0.5Scrit, the deviations are smaller than 5% for V = 10−6 and around
10% for V =10−3 for contact angles θ in the considered range 0° ≤ θ ≤
20°. For larger separations S ≥ 0.5Scrit, the deviations are larger, but the
capillary forces are relatively small.

When the separation S is small, then Xc≃ 1
2 Y

2
c0 according to Eq. (2)

and hence P≃ 1
2 Yc0. Therefore, for small separation S the dimensionless

capillary force is given by

λ≅
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 1
p −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
−3T

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p Yc0 ð39Þ

When Yc → 0, the limit value for λ is λ0 = cos θ, which is consistent
with the value derived from the Young-Laplace equation.

Given the capillary bridge volume V, the separation distance S and
the contact angle θ, the procedure for calculating the capillary bridge
force for non-perfectlywettable spherical particles according to the cur-
rent theory consists of:

1) Checking that the separation distance S is smaller than the critical
separation Scrit determined by Eq. (37);

2) Calculating Yc through Eq. (34) from the given capillary bridge vol-
ume V and separation distance S;
3) Substituting Yc and S into Eq. (2) to obtain Xc, and then using Eq. (15)
to find P;

4) With the obtained value of P, determining Q using the approxima-
tion method for Q= F−1(P) ≅ f(P) given by Eq. (25);

5) Substituting the values of Yc and Q into Eq. (38) to obtain the dimen-
sionless capillary bridge force λ and the capillary bridge force Fcap
from Eq. (10).

Values required for P∗, Q∗G∗ and J∗ are given in Table 1 for various
values of the contact angle θ.

5. Conclusions

An analytical theory has been developed for properties of axisym-
metric capillary bridges with equal-sized, non-perfectly wettable
(with θ ≥ 0°) spherical particles in the pendular regime, by extending
the analytical theory in [3] (in which the case with contact angle θ=
0° has been considered). This theory does not involve any calibrated
fitting parameters that are present in fits (such fits have been reported
in [2,5,6,24]) for the capillary force. The main contributions of current
study consist of:

• The validity of the approximation of themeridional profile of the sur-
face of the capillary bridge by a part of an ellipse has been demon-
strated, for large and small separation distances S, for contact angles

Image of Fig. 7
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θ ≤ 20° through comparisons with numerical solutions of the Young-
Laplace equation.

• The geometrical parameters required to describe the ellipse have been
obtained for the case of non-perfectly wetting spherical particles θ ≥
0°, retaining (as in [3]) the requirement that the mean curvatures of
the ellipse at the neck and at the contact circle are the same. Hence,
the developed theory accounts for the Young-Laplace equation, con-
trary to the often-used toroidal approximation.

• The approach suggested in [3] (for the casewith θ=0°) for determin-
ing the contact radius Yc from the capillary bridge volume V and the
separation distance S has been shown to be also adequate for the
case with θ ≥ 0°.

• A rupture criterion, valid for non-perfectly wetting spherical particles
with θ ≥ 0°, has been derived, which agrees well with the criterion
from the literature [33] that has been based on a large number of nu-
merical solutions of the Young-Laplace equation.

• An expression for the dimensionless capillary forceλhas also been de-
rived. The predicted capillary forces agree well with those obtained
from numerical solutions of the Young-Laplace equation, especially
from small volumes of the capillary bridge.

For further study it is recommended to consider the case of spherical
particles with unequal radii. Furthermore, the developed analytical
framework could also be used as a starting point for formulating simpler
or more accurate fits that are also appropriate for larger capillary bridge
volumes.
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Appendix A. Padé approximation accounting for non-zero contact
angle

As described in Section 3.3, an approximation method, Eq. (25), has
been formulated to obtain Q directly from given P. Alternatively, as sug-
gested in [3] for the case θ=0°, a Padé approximation can be used to ex-
press the closure function, Eq. (19). Here, the analogous Padé
approximation for the case of contact angle θ ≥ 0° is derived that repre-
sents the closure relation. The equation for the Padé approximation sug-
gested in [3] is given by

P≅ j Qð Þ ≡ K2Q
2 þ K1Q þ K0

Q2 þ L1Q þ L0
ð40Þ

Based upon the closure relation Eq. (19), Eq. (40) should satisfy the
following conditions

j 0ð Þ ¼ 0 j Q�ð Þ ¼ P� j0 Q�ð Þ ¼ 0 j 1ð Þ ¼ 0 j0 1ð Þ
¼ −T−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
ð41Þ

in which j′(Q) = dj(Q)/dQ. With these conditions, the coefficients in Eq.
(40) can be determined, resulting in

K0 ¼ 0 K1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

� �
P� 1−Q�ð Þ2

P�−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

� �
1−Q �ð Þ2

K2 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

� �
P� 1−Q�ð Þ2

P�−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

� �
1−Q�ð Þ2

L0 ¼ P�Q�2

P�−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

� �
1−Q�ð Þ2

L1 ¼
2P�Q�−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

� �
1−Q�ð Þ2

P�−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

� �
1−Q�ð Þ2

ð42Þ
Substituting the coefficients in Eq. (42) into Eq. (40), P can be
expressed as a function of Q as

P≅ j Qð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

� �
P� 1−Q �ð Þ2Q 1−Qð Þ

P�−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

� �
1−Q �ð Þ2

n o
Q2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

p
þ T

� �
1−Q �ð Þ2−2P�Q �

n o
Q þ P�Q�2

ð43Þ

Good accuracy of Eq. (43) in representing the closure relation, Eq.
(19), is obtained for the branch Q ≥ Q∗ (data not shown). Since the
value of Q is required in the expression for capillary bridge force in Eq.
(38), Eq. (43) is reformulated as a quadratic equation in Q (given P),
expressed as

0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

q
þ T

� �
P−P�ð Þ 1−Q�ð Þ2−PP�

� �
Q2þffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 1
q

þ T
� �

P�−Pð Þ 1−Q�ð Þ2 þ 2PP�Q�
� �

Q−PP�Q �2
ð44Þ

By solving Eq. (44) for Q, Q can be expressed as a function of P, with
the same accuracy as Eq. (25) that uses a different approximation
method.
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