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A B S T R A C T

Three degree of freedom spherical flexure joints are typically limited to small deflections because of their strong
loss of stiffness in support directions when deflected. In this paper, a smartly stacked folded leafspring based
large stroke spherical flexure joint is presented which can maintain a high level of support stiffness over a ± 30
degrees tip-tilt and a ± 10 degrees pan motion. To enable this large range of motion, two sets of three leafsprings
are stacked in series. A large loss of support stiffness over the range of motion due to the underconstrained
intermediate body is avoided by assuring that the instant centers of rotation coincide. To mitigate internal
dynamics caused by the underconstraints, a design with underconstraint eliminators and a design with eddy
current damping are presented. Furthermore, the design of the spherical joint has been optimized which has
resulted in a flexure joint design which can achieve a support stiffness of over 200 N/mm and a load capacity of
290 N at the maximum deflection angle. Experimental measurements validate the high level of support stiffness
and load capacity over the entire range of motion.

1. Introduction

In high precision applications flexure-based mechanisms are used
for their deterministic behavior due to the absence of play and friction.
Spherical flexure joints are often encountered in flexure-based precision
spatial manipulators with parallel kinematic arrangements [1–3], such
as spatial (6 DOF) nanapositioners [4,5], microassembly [6] and pre-
cision alignment systems [7,8]. For this purpose, typically spherical
notch joints [9,10] or short wire flexures [2,8,11] are used which
provide the required spherical motion. These joints provide a small and
compact design and allow for easy manufacturing (Fig. 1a). However,
they only provide a limited range of motion (typically within a few
degrees) due to their localized compliance, causing high stress levels
already at small deflection angles. Therefore, they are mostly used for
optical alignment systems requiring only small rotation angles of the
spherical joints.

In order to allow for larger rotation angles, spherical joints can be
manufactured by a stacked arrangement of wire flexures [12–15]
(Fig. 1b). Although this type of joint allows for a larger range of motion,
it suffers from a low level of support stiffness in combination with a
strong decrease of the support stiffness with increasing deflection angle.
Furthermore, due to their long and slender geometry, they are prone to

buckling and only provide a limited load capacity.
Alternatively, three single degree of freedom flexure joints can be

concatenated in order to obtain the required degrees of freedom. A
commonly used design consists of three cruciform hinges [16] placed in
series with intersecting rotation axis [7,17], or a stacked arrangement
of single degree of freedom cross spring pivots [3,18] (Fig. 1c). Al-
though concatenation of single degree of freedom flexure joints allows
for larger rotation angles, support stiffness remains limited and a rather
large and bulky design is obtained due to the serial stacking. Especially
when considering a large range of motion when used in a parallel ki-
nematic arrangements, it can be difficult to avoid interference of the
parallel arrangement due to the size of the spherical joints. Further-
more, if the rotation axis of each individual joint does not intersect in a
single point, parasitic motion of the joints will strongly affect its kine-
matic behavior and can result in difficulties with respect to control.

In this paper, a flexure-based spherical joint design is presented
which uses folded leafsprings as flexible element to obtain the required
degrees of freedom. A folded leafspring based design for a spherical
joint has been presented before by Schellekens et al. [19] who combine
three parallel folded leafsprings. This design allows for a high support
stiffness and load capacity although only a limited range of motion is
obtained. In order to extend the range of motion while maintaining
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high support stiffness, alternative spherical flexure joint concept
topologies are presented. All concept topologies are optimized and
compared in order to investigate the influence of certain design para-
meters and their relation with the required range of motion on its
performance. A prototype is realized for an experimental validation of
the simulated performance. Additionally, two options are presented to
mitigate internal dynamics caused by underconstraints.

2. Notational convention for spherical motion

Most flexure-based spherical joints, e.g. the spherical joints illu-
strated in Fig. 1, are characterized by a rotational symmetric design.
Due to this rotational symmetry, a distinct “pan” and “tip-tilt” motion
can be identified, each with its own characteristic deformations of the
flexible members and corresponding behavior of the joint.

Tip-tilt motion is defined by rotational motion around an arbitrary
axis perpendicular to the symmetry axis. As each rotational axis per-
pendicular to the symmetry axis is allowed, tip-tilt motion governs two
rotational degrees of freedom. For all spherical flexure joints in this
paper, tip-tilt is provided by rotations with the axis of rotation posi-
tioned in the x/y-plane, which is then perpendicular to the symmetry
axis (z-axis). To specify tip-tilt motion, we define the relative orienta-
tion of the tilt axis (Rt) with respect to the x-axis by angle ϕ given by
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with the magnitude of the rotation specified by ωt , see Fig. 2. Pan
motion is defined by a rotational motion around the symmetry axis
governing the remaining degree of freedom. To specify pan motion, the
pan axis (Rp) is oriented perpendicular to the tilt axis co-rotational with
the tilt motion, initially aligned with the symmetry axis, i.e.
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The magnitude of pan motion is denoted by ωp.

3. Controlling degrees of freedom

A spherical flexure joint is characterized by the property to allow
motion in the three rotational degrees of freedom while motion in all
translational directions are constrained (the directions in which load
bearing support is provided). For many applications, a spherical joint
with coinciding rotation axes is required to concentrate all rotational
motion in a single point, the instant center of rotation (P). This freedom
space, which contains a collection of all admissible axis of rotation, is
schematically illustrated in Fig. 3a [21].

The complementary constraint space, which provides the required
translational constraints for the given freedom space, is given by all
translational constraints intersecting the instant center of rotation, il-
lustrated in Fig. 3b. This constraint space is also visible in the spherical
joint designs provided in Fig. 1. In order to obtain this constraint space,
flexible members are required which only constrain a single degree of
freedom. Wire flexures are suited for this purpose, but do not allow for
both a large range of motion and a high support stiffness [14]. There-
fore, folded leafsprings are used which also constrain a single transla-
tional degree of freedom, which is located along the intersection line of
the two leafsprings. Compared to wire flexures, the folded leaf springs
typically allow for a larger range of motion with a higher level of
support stiffness and load capacity.

4. Spherical joint concept topologies

In this section three different types of folded-leafspring based
spherical joints are presented. The first type consists of a rotational

Fig. 1. Flexure-based spherical joints: (a) spherical notch joint [4,9,10] or short
wire flexure [2,8,11], (b) wire flexure based spherical joint [12–14,20], (c)
spherical joint constructed by concatenating three single DOF joints [7,17].

Fig. 2. Schematic illustration of the tip-tilt and pan motion to express spherical
joint motion, with the instant center of location defined by P .

Fig. 3. (a) Schematic illustration of the freedom space with all rotational de-
grees of freedom and (b) the complementary constraint space with all transla-
tional constraints for a spherical flexure joint with the instant center of rotation
indicated by Ref. P[21].
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symmetric set of parallel folded leafsprings. The second type uses two
rotational symmetric sets stacked in parallel and the third type stacks
the two sets in series.

4.1. Folded leafspring based spherical joint (FL-joint)

The most elementary topology for a folded-leafspring based sphe-
rical flexure joint consist of a set of folded leafsprings directly con-
nected between the fixed world and end-effector. To comply with the
constraint space as described in section 3, all folding lines require to
intersect at a single point which than defines the instant center of ro-
tation. An exact constrained design is obtained with three folded leaf-
springs. In order to distinguish this topology from other topologies
discussed hereafter, it is named the “Folded Leafspring based spherical
joint”, abbreviated to FL-joint. When also considering overconstrained
designs in order to potentiality improve support stiffness, more varia-
tions on this topology can be generated. First of all, the number of
rotational symmetric folded leafsprings around the pan axis can be
increased, illustrated in Fig. 4a. Secondly, multiple folded leafsprings
can be positioned in parallel under a different orientation angle (given
by the angle between the folding line of the leafspring and the sym-
metry axis). An example of a FL-joint with two sets of folded leafsprings
with slightly different orientation angle is provided in Fig. 4b. As the
deformations of the two sets are similar, a small offset in orientation
angle is typically sufficient in order to prevent collision between the
parallel flexures. To identify the different joint topologies, rn is used to
indicate n number of rotational symmetric folded leafsprings and pn is
used to indicate n sets of folded leafsprings positioned in parallel with
different orientation angle.

4.2. Parallel stacked folded leafspring based spherical joint (PFL-joint)

A more elaborate joint topology is obtained when two FL-joints are
placed in parallel between the fixed world and end-effector, the so-
called “Parallel stacked Folded Leafspring based spherical joint”, ab-
breviated to PFL-joint. This topology combines two FL-joints where one
of them is a duplicate of the other mirrored over a plane perpendicular
to the symmetry axis, positioned such to obtain coinciding instant
center of rotations. Furthermore, in order to avoid collision between
flexures, the mirrored stage is rotated with r180/ n degrees around the
symmetry axis. Effectively this leads to two FL-joints placed in parallel
between the fixed world and end-effector, similar to the FL-rnp2 joint
topology. However, due to the different orientation of the second set of
folded leafsprings, different mechanical properties are obtained. For
example, due to the more even distribution of the folded leafsprings
over the circumference of the spherical joint, less variation of the me-
chanical properties with respect to the tip-tilt direction ϕ is obtained. A
schematic illustration of the decomposition of the PFL-joint is provided
in Fig. 5. For this topology, multiple sets of folded leafsprings with a
different orientation angle are not considered due to the limited build-
space available.

4.3. Serial stacked folded leafspring based spherical joint (SFL-joint)

The third type of flexure topology is geometrically identical to the
PFL-joint, but with different attachments of the leafsprings. For this
topology, one set of leafsprings is connected to the fixed world and an
intermediate body and the second set is connected between the inter-
mediate body and end-effector. Effectively, this leads to two spherical
joints stacked in series (instead of parallel as with the PFL-joint), each
contributing to half of the motion. As the deflection per stage is halved,
the stress levels in the flexures are reduced allowing for thicker leaf-
springs resulting in increased support stiffness. Furthermore, because
the support stiffness decreases progressively non-linear with the de-
flection, halving the deflection leads to (far) less than half the stiffness
loss over the range of motion. A schematic overview of the SFL-joint is
provided in Fig. 6.

It has to be noted that the intermediate body is only constraint for
translational motion and therefore contains three redundant rotational
degrees of freedom (the intermediate body is three times under-
constrained). For most flexure mechanisms, underconstrained inter-
mediate bodies dramatically deteriorate support stiffness (particularly
when the mechanism is in deflected state) due to coupling of external
loads and the underconstrained degrees of freedom, such as the a
compounded parallel leafspring guidance without slaving [22].

In the SFL-joint, the instant center of rotation of the intermediate
body and the end-effector coincide and do not vary much. Hence, ex-
ternal loads on the end-effector do not result in reaction moments in the
degrees of freedom of the intermediate body. Additionally, for the same

Fig. 4. Folded Leafspring based spherical joint topology a) FL-r4p1: four rota-
tional symmetric folded leafsprings b) FL-r3p2: two sets of three rotational
symmetric folded leafsprings with a different orientation angle. “E” represents
the connections with the end-effector.

Fig. 5. Parallel stacked Folded Leafspring based spherical joint topology (PFL-
r3p1) decomposed of two FL-r3p1 joints with “E” representing the connection
with the end-effector.

Fig. 6. Serial stacked Folded Leafspring based spherical joint topology (SFL-
r3p1) with “E” representing the connection with the end-effector and “I” the
connection with an intermediate stage.
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reason, rotational motion of the intermediate body does not contribute
to translational motion of the end-effector. Due to this special property,
support stiffness is not mitigated by the underconstrained intermediate
body and the position of the end-effector is not influenced by motion of
the intermediate body. However, with respect to the dynamic behavior
of the joint, the underconstrained intermediate body can result in un-
wanted vibrations in the system. Options to reduce vibrations of the
intermediate body by adding damping and suggestions for eliminating
the underconstraints are provided in section 8.

5. Shape optimization

5.1. Optimization method

For comparing the performance of the different joint topologies as
described in section 4, the shape of each topology is optimized. For this
optimization two cases are considered, one with a range of motion of 5°
tip-tilt and the other with 30° tip-tilt. For optimization purposes, pan
motion is disregarded as the support stiffness at maximum deflection is
mainly affected by tip-tilt motion, which is substantiated by the vali-
dation in section 6. The shape optimization allows for the comparison
of the maximum support stiffness which can be achieved for each to-
pology and the influence of the range of motion on the performance. It
has to be noted that the optimization results are specific for the selected
case. However, it does provide useful insight on the typical stiffness
characteristics of each topology and allows for a comparison between
them.

The goal of the optimization procedure is to maximize the transla-
tional support stiffness along the pan axis at maximum tip-tilt angle
when considering a range of motion of 30° tip-tilt ( = ∘ω 30t for

< ≤∘ ∘ϕ0 360 ) and 5° tip-tilt ( = ∘ω 5t for < ≤∘ ∘ϕ0 360 ). Furthermore,
build-space for the flexures is limited to a cylinder aligned with the z-
axis with a radius of 75mm. For material we select tool steel (Stavax
[23]) where we limit the maximum allowable stress due to deflection to
600MPa (yield strength: 1400MPa).

To perform the shape optimization, a parametrized model of the
spherical flexure joint with 6 design parameters is used,
θ ψ r l t w[ , , , , , ]1 , illustrated in Fig. 7. Note that the folding angle ψ is a
parameter and hence not fixed to 90°. Furthermore, when multiple sets
of folded leafsprings are positioned in parallel under a different or-
ientation angle, the orientation angle of the second set is provided by
the additional design parameter θ2. In order to take into account all
constraints (e.g. maximum stress, build-space and flexure collision) a
Nelder-Mead based optimization algorithm is adapted to include all
boundary conditions and constraints [24]. Because it is hard to predict
collision of the flexures due to 3D motion combined with large de-
formations, a collision detection algorithm was developed [25]. This
algorithm allows for computationally efficient evaluation of the colli-
sion state by taking advantage of the typical slender aspect ratio and
shape of the elastic members in flexure mechanisms, allowing for full
utilization of the design freedom while ensuring collision free designs.

To numerically calculate the performance of a joint topology with a
specific set of design parameters, the flexible multibody software

SPACAR [26] is used. In SPACAR, all leafsprings are modeled with a
series of interconnected nonlinear 3D finite beam elements which in-
cludes geometric non-linearities. Flexibility of these elements is natu-
rally accounted for in the formulation owing to a specific choice of so-
called discrete deformation modes. Therefore, only a limited number of
elements is required to produce both fast and accurate results.

5.2. Optimization results

Results of the optimization considering 5 degrees of tip-tilt motion
are provided in Table 1. When considering this small range of motion, it
appears that increasing the number of rotational symmetric folded
leafsprings does not necessary result in a proportional increase in
support stiffness. Instead, even a small decrease in support stiffness is
observed for some of the flexure topologies. This reduced support
stiffness is presumably related to the increased probability of inter-
ference between the flexures. An increment in the number of flexures
effectively reduces the available build space for each folded leafspring,
which reduces the design freedom and subsequently its support stiff-
ness.

Furthermore, increasing the number of flexure sets with a different
orientation angle for the FL joint topology does have a positive effect on
the support stiffness, increasing support stiffness up to almost a factor of
two. A similar performance is obtained with the serial (SFL) and par-
allel (PFL) stacked joint topologies, which show no distinct advantage
over the FL joint.

Results of the optimization considering 30 degrees of tip-tilt motion
is provided in Table 2. For this larger range of motion, increasing the
number of rotational symmetric folded leafsprings or the number of
parallel flexure sets results in a reduction in support stiffness for all
joint topologies. The strongest reduction is observed for the FL and PFL
joint topologies, which suffer from a reduction in support stiffness up to
90% for increased number of flexures. This decrease can again be re-
lated to the increased probability of interference between the flexures
for an increasing flexure count, which influence is even bigger for this
larger range of motion.

Furthermore, the FL and PFL joint topologies provide a similar level
of support stiffness. It has to be noted that the PFL joint topology does
provide a reduced dependency of the support stiffness on the orienta-
tion of the tilt axis ϕ. This dependency is visualized in Fig. 8, where it
can be observed that support stiffness for the FL-r3p1 joint is strongly
dependent on the orientation of the tilt axis. By adding the secondary
set of folded leafsprings in the PFL-r3p1 joint with the rotational offset
of 180/rn degrees, low support stiffness of the first set is compensated for
with a high support stiffness of the second set. Hereby, the variation in
support stiffness as function of the orientation of the tilt axis is reduced
by approximately 40%.

At last, the SFL joint topology provides a large improvement in
performance with almost a factor 5 increase in support stiffness with
respect to the FL and PFL joint topologies when considering the 30
degrees of tip-tilt motion. Due to the serial stacking of the joints, the
deformations of the individual flexures are smaller resulting in a
smaller decrease in support stiffness over the range of motion.
Furthermore, the smaller deformations allow for shorter, wider and/or
thicker leafsprings when considering the same stress levels, providing
an additional gain in performance. Especially for this large range of
motion, this leads to a large increase of support stiffness. Compared to
traditional spherical flexure joints which allow for a similar range of
motion, in example the stacked arrangement of three cruciform hinges
which provide a support stiffness of approximately 10 N/mm [10,16],
an increase in support stiffness of more than a factor of 50 is obtained.

Fig. 7. Parametrization of a FL-r3p1-joint with the instant center of rotation
provided by P and “E” representing the connections with the end-effector.
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6. SLF-r3p1 joint prototype

6.1. Prototype design

Based on the optimization results, a prototype of the best per-
forming spherical joint topology for a range of motion of ± 30 degrees
tip-tilt is constructed (the SFL-r3p1 joint). Additional to the ± 30 degrees
of tip-tilt motion, the joint allows for ± 10 degrees of rotation along the
pan axis.

A photograph of the prototype in undeflected and deflected state is
provided in Figs. 9 and 10. This prototype is constructed from tool steel
flexures of 0.4 mm thickness combined with three aluminum frame
bodies (the base and end-effector anodized in blue, the intermediate
body anodized in red). A full overview of the design parameters is
provided in Table 3, which provides a simulated support stiffness of
465 N/mm at maximum tip-tilt angle.

6.2. Prototype performance

In Fig. 11 the simulated support stiffness, maximum stress in the
flexures and shift of the pivot of the spherical joint are presented as
function of tip-tilt and pan motion. The orientation of the tilt axis is
kept constant as it has only minor influence on the results. Therefore,
all results are presented for an orientation of the tilt axis of = ∘ϕ 0 .

From these results it can be concluded that the minimum support
stiffness is encountered at maximum tilt angle. At this maximum tilt
angle, additional pan motion has only a minor influence on the support
stiffnesses (Fig. 11a and b). This justifies the chosen optimization cri-
teria where the minimum support stiffness as function of the tilt angle is
selected for the optimization objective where pan motion is dis-
regarded. For small deflections, support stiffnesses of 1490 N/mm along
the pan axis and 530 N/mm along the tilt axis are obtained. For larger
deflections, for example 30° tip-tilt, support stiffness decreases to

465 N/mm along the pan axis and 98 N/mm along the tilt axis.
With respect to the stress in the flexures, both tip-tilt and pan mo-

tion have a similar contribution. Overall, maximum stress is mainly

Table 1
Optimization results for 5° range of tip-tilt motion evaluated at maximum deflection angle.

Topology r p r w t ψ θ1 θ2 K

FL 3 1 60.4 mm 59.9mm 0.96mm ∘72. 9 ∘24. 2 – ⋅3.7 104 N/mm
FL 4 1 43.7 mm 42.6mm 0.88mm ∘83. 1 ∘19. 3 – ⋅3.1 104 N/mm
FL 5 1 41.7 mm 40.3mm 0.96mm ∘67. 8 ∘20. 3 – ⋅3.6 104 N/mm
FL 3 2 49.1 mm 42.4mm 0.97mm ∘89. 9 ∘23. 8 ∘20. 2 ⋅5.3 104 N/mm
FL 4 2 39.6 mm 38.2mm 0.75mm ∘84. 2 ∘25. 0 ∘12. 5 ⋅5.6 104 N/mm
FL 5 2 58.8 mm 51.4mm 0.96mm ∘65. 1 ∘29. 1 ∘10. 4 ⋅5.6 104 N/mm
PFL 3 1 73.9 mm 64.4mm 0.93mm ∘73. 5 ∘8. 0 – ⋅4.4 104 N/mm
PFL 4 1 40.5 mm 39.1mm 0.86mm ∘76. 1 ∘22. 0 – ⋅5.3 104 N/mm
PFL 5 1 33.4 mm 32.4mm 0.85mm ∘67. 0 ∘21. 7 – ⋅5.5 104 N/mm
SFL 3 1 50.2 mm 49.6mm 1.00mm ∘82. 2 ∘15. 1 – ⋅3.8 104 N/mm
SFL 4 1 69.1 mm 68.1mm 0.97mm ∘85. 5 ∘12. 7 – ⋅5.4 104 N/mm
SFL 5 1 46.1 mm 45.4mm 0.99mm ∘68. 7 ∘18. 7 – ⋅4.3 104 N/mm

Table 2
Optimization results for 30° range of tip-tilt motion evaluated at maximum deflection angle.

Topology r p r w t ψ θ1 θ2 K

FL 3 1 42.3 mm 39.0 mm 0.49mm ∘86. 9 ∘43. 2 – 126 N/mm
FL 4 1 29.8 mm 23.9 mm 0.47mm ∘51. 3 ∘47. 9 – 46 N/mm
FL 5 1 43.4 mm 42.7 mm 0.40mm ∘37. 8 ∘53. 5 – 40 N/mm
FL 3 2 33.4 mm 23.8 mm 0.50mm ∘82. 2 ∘53. 2 ∘43. 6 120 N/mm
FL 4 2 20.1 mm 8.7mm 0.48mm ∘67. 8 ∘43. 0 ∘29. 8 38 N/mm
FL 5 2 49.0 mm 22.5 mm 0.20mm ∘70. 0 ∘46. 9 ∘33. 3 10 N/mm
PFL 3 1 18.6 mm 15.9 mm 0.57mm ∘95. 4 ∘39. 6 – 116 N/mm
PFL 4 1 16.1 mm 12.8 mm 0.37mm ∘70. 7 ∘32. 3 – 96 N/mm
PFL 5 1 29.7 mm 13.5 mm 0.32mm ∘60. 8 ∘33. 3 – 30 N/mm
SFL 3 1 26.0 mm 22.3 mm 0.41mm ∘96. 7 ∘40. 0 – 568 N/mm
SFL 4 1 22.0 mm 20.5 mm 0.64mm ∘78. 2 ∘30. 0 – 560 N/mm
SFL 5 1 25.7 mm 21.5 mm 0.64mm ∘63. 8 ∘24. 8 – 450 N/mm

Fig. 8. Support stiffness of optimized FL-r3p1 and PFL-r3p1 joint at = ∘ω 30t for a
tilt axis orientation of ≤ <∘ ∘ϕ0 360 .

Fig. 9. Photographs of the SFL-r3p1 prototype.
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depended on the total deflection angle provided by +ω ωt p (Fig. 11c).
As a results of this, the maximum tilt and pan angle cannot be obtained
simultaneously when considering a maximum stress of 600MPa. If si-
multaneous motion is required in both directions, this could be taken
into account in the optimization procedure by reducing the constraint
on the maximum stress. As tilt and pan motion have a similar con-
tribution to the stress levels, the stress under combined tilt and pan
motion can be estimated by extrapolating the stress values.

Furthermore, shift of the pivot of the joint is provided in Fig. 11d
which is defined as the traveled distance of the node, connected to the
end-effector, which is initially positioned in the instant center of rota-
tion. When the pivot shift is compared to the traditional cross-spring
pivot with a range of motion of 30° (> 1mm shift of the pivot axis for
typical dimensions of the cross-spring pivot [27]), pivot shift of the
spherical joint is relatively small (< 0.45mm). Furthermore, shift of
the pivot behaves non-linear for increasing tip-tilt and pan motion. Due
to this non-linear behavior, pivot shift is almost absent for small de-
flections but increases more strongly for larger deflection angles.

At last, the effect of load on the support stiffness and stress is pro-
vided in Fig. 12. Load is applied along the pan axis and increased until
the system has buckled or until the yield stress of the material is ex-
ceeded. For zero tilt motion ( = ∘ω 0t ), the load capacity is limited to
330 N by buckling at which the support stiffness shows a strong sudden
decrease. For larger tilt angles ( = ∘ω 30t ), a more gradual decrease in
stiffness is observed due to the deflected state of the flexures. For this
case, load capacity is limited by stress in the flexures, which exceeds the
yield stress at a load of 290 N.

7. Experimental validation

7.1. Experimental setup

For validation of the support stiffness and to assess the dynamic
behavior of the underconstrained intermediate body, an experimental
validation is conducted. The experimental setup is shown in Fig. 13. It
consists of a tilting platform which allows for rotation of the joint to the
desired tilt angle. The tilt angle can be read from a protractor. At the
other end of the joint, the spherical joint is connected to a “suspended
platform” which is guided with a single leafspring to prevent rotations
in the degrees of freedom when loaded (the leafspring exactly con-
straints the remaining three degrees of freedom of the spherical joint).
Load is applied by a single wire flexure which is connected to a force

Fig. 10. Photographs of the SFL-r3p1 prototype in deflected state.

Table 3
Design parameters of the SFL-r3p1 joint prototype.

Design parameter Value

r 26.0 mm
w 20mm
t 0.4 mm
ψ 75°
θ1 40.0°

Fig. 11. Support stiffness, stress and pivot-shift over the range of motion of the
spherical joint prototype for a tip-tilt angle = ∘ϕ 0 .

Fig. 12. a) Stress (von Mises) and b) support stiffness along the pan axis as
function of load applied along the pan axis.
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sensor (ME-KM10z, range: 200 N, accuracy: <0.2N) to measure the
applied load. The other end of the wire flexure is connected to a mi-
crometer attached to a linear stage in order to gradually apply the re-
quired load. Additionally, displacement of the “suspended platform”
caused by the applied load is measured with a capacitive sensor (Lion
Precision C8-3.2, range: μm1250 , accuracy: < μm0.1 ) to evaluate the
stiffness along the pan axis. The applied load, force sensor and dis-
placement sensor are all positioned inline directly underneath the
center of rotation of the spherical joint to comply with the Abbe prin-
ciple [28].

7.2. Stiffness validation

The support stiffness along the pan axis is tested by applying an
alternating load between 5 N and 15 N and continuously measuring the
applied force ( fsens) and the resulting displacement (dsens) with a sample
rate of 500 Hz. Minimum tensile load of 5 N is maintained to prevent
buckling of the wire-flexure and to minimize hysteresis effects in the
force sensor. An example of the measurement of the support stiffness at
30° tilt is provided in Fig. 14, where the load is alternated 5 times in
20 s (approximately 10.000 samples). By using a linear fit through the
obtained data, the support stiffness can be evaluated. This test is re-
peated for different tilt angles in order to obtain the support stiffness as
function of the tilt angle.

An overview of the measured and simulated stiffness as function of
the tilt angle are provided in Fig. 15. Especially for small tilt angles, the
measured stiffness (circles) is substantially lower than simulated (solid
line). This difference in support stiffness can be related to additional
compliance introduced by the frame parts that connect the leafsprings.

During the design of the spherical joint, care is taken to ensure high
stiffness of the frame parts. Despite this, limitations on the design
freedom imposed by the avoidance of collision of the flexures and frame
parts over the range of motion inherently limits the stiffness of the
frame. Therefore, the additional compliance of the frame has to be
taken into account to accurately asses the support stiffness of the entire
joint.

For evaluating the effect of frame compliance on the overall support
stiffness, a FEM analysis (Solidworks Simulation) considering zero tilt-
angle is conducted, both for a flexible and rigid frame. The overall
stiffness of the joint appeared to be ⋅1.3 103 N/mm considering rigid
frame parts. Stiffness decreased to ⋅3.1 102 N/mm for a realistic re-
presentation of the frame. From these values an approximate of the
frame stiffness can be computed, assuming the flexures and frame
stiffness are in series. Hence, the equivalent frame stiffness is given by:

=
−

= ⋅
⋅ ⋅

K 1 4.1 10 N/mmfr 1
3.1 10

1
1.3 10

2

2 3 (3)

By adding this equivalent frame stiffness in series to the obtained
stiffness obtained from SPACAR simulations, an approximate stiffness
can be estimated (dashed line). When frame compliance is added to the
simulations, a good match is obtained between experiment and simu-
lations.

Fig. 13. Experimental setup for validating DSS-r3p1 properties (left: front view with schematic drawing, right: side view).

Fig. 14. Measurement results for testing support stiffness at 30° tilt angle. A
stiffness of 236 N/mm is obtained from a linear fit through the data with
R2= 0.999.

Fig. 15. Experimental validation of the translational support stiffness measured
along the pan axis.
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Additional to the evaluation of the support stiffness for small loads,
stiffness under high load and the load capacity is tested. For this pur-
pose, load has been increased up to approximately 150 N at a tilt angle
of 30° at which a displacement of 0.65mm was measured. This in-
dicates no significant decrease in support stiffness even when high loads
are applied and partially confirms the load capacity as indicated in
section 6. Higher loads have not been tested due to the limited range of
the force sensor and to prevent plastic deformations of the flexures
which would compromise other measurements.

7.3. Intermediate body dynamics

As discussed in section 4.3, the intermediate body of the SFL-joint is
underconstrained which could potentially influence the dynamic be-
havior of the system. If there is a slight distance between the remote
centers of rotation, vibrations of this intermediate body could result in
unwanted translational motion on the end-effector. Secondly, vibra-
tions of the intermediate body could be undesirable as it potentially
induces vibrations in the rest of the system.

The effect of intermediate body vibrations (without damper) are
evaluated by triggering the intermediate body by deflecting it ap-
proximately 5° in tilt direction and releasing it. Next, the displacement
along the pan axis caused by vibrations of the internal body is measured
with the displacement sensor. The wire flexure is removed to allow for
free motion along the pan axis. The results are shown in Fig. 16 where
the intermediate body is released at approximately =t 0.5s.

From these results it can be concluded that the parasitic motion of
the end-effector caused by intermediate body vibrations is small, i.e.
within a few micrometers, which is expected as ideally rotational mo-
tion of the intermediate body is decoupled from motion of the end-
effector due to the coinciding rotation centers. Furthermore, a beat
frequency can be identified in this time signal, which is caused by in-
terference between two vibration modes with slightly different fre-
quencies. These result from the two underconstrained degrees of
freedom in tip-tilt direction which should have a similar eigen-
frequency. This phenomenon can be identified more clearly from the
FFT data obtained from the time signal, provided at Fig. 17. The ei-
genfrequencies of the underconstrained tip-tilt modes can be identified
at 21.73 Hz and 22.20 Hz. This results in a beat frequency of 0.47 Hz
which corresponds to the beat frequency observed in the time signal.
Furthermore, the third vibration mode (pan motion of the intermediate
body) is seen at 26.5 Hz.

In order to asses the damping ratio of the intermediate body vi-
brations, an exponential curve ( = −f t αe( ) ζω tn ) is fitted through the
peaks of the time-data (Fig. 16). Hereby, the damping ratio of this vi-
bration mode can be evaluated based on the logarithmic decrement of
the magnitude of the vibration. The damping ratio ζ for the undamped
intermediate body equals to ≈ζ 0.0003. As only material- and air-
damping is existent, damping is low and vibrations are barely damped. 8. Suppressing intermediate body vibrations

In this section two options are discussed for reducing vibrations of
the underconstrained intermediate body. The first option makes use of
eddy current damping to suppress vibrations. The second option con-
sists of a slaving mechanism to eliminate the internal underconstraints.

8.1. Adding damping

In order to reduce vibrations of the intermediate body, additional
damping can be added. For this purpose, a contact-less damper based
on the eddy current principle is well suited as it does not rely on a
physical contact between the joint and damper. Damping is then pro-
vided by a conductor (i.e. the aluminum intermediate body) which
moves through a magnetic field inducing eddy currents in the con-
ductor [29,30]. To test the effect of an eddy current damper, a damper

Fig. 16. Displacement of the end-effector measured along the pan axis caused
by intermediate body vibrations. Fitted exponential curve to asses damping
properties: = −f t e( ) 2.526 t0.0426 .

Fig. 17. Fast Fourier transform of end-effector vibrations caused by inter-
mediate body vibrations.

Fig. 18. Spherical SFL-r3p1 joint with (partially detached) eddy current
damper.

Fig. 19. Displacement of the end-effector measured along the pan axis caused
by intermediate body vibrations with additional magnetic damper. Fitted curve:

= −f t e( ) 1.874 t0.298 .
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is manufactured consisting of a total of 140 neodymium magnets. A
photograph of the prototype with eddy current damper is shown in
Fig. 18. All magnets are positioned at close distance of the intermediate
body in order to maximize the eddy current effect.

The resulting time-response of the intermediate body vibrations
with the additional eddy current damper is shown in Fig. 19. For the
damped intermediate body, the exponential decay obtained from the
fitted exponential curve provides a damping ratio of approximately

≈ζ 0.0021, which is an increase of a factor seven in damping. The eddy
currents clearly help reducing internal vibrations. A further reduction
can be obtained by strengthening the magnetic field or by reducing the
air-gap between the magnets and intermediate body.

8.2. Adding slaving mechanism

An alternative option to reduce vibrations of the intermediate body
is to add an additional slaving mechanisms, which than eliminates the
underconstraints. Solutions for coupling motion of the end-effector to
an intermediate stage with a two-to-one slaving mechanism for single
degree of freedom flexure systems have been provided in literature
[31–34], typically utilizing an auxiliary body acting as a lever ensuring
the required ratio in motion. However, exploiting this method for a
multi degree of freedom system is less trivial due to the additional
degrees of freedom of the auxiliary body. An attempt for coupling
motion of the intermediate body with an auxiliary embodiment is
presented in Fig. 20, which schematically shows the working principle
and a picture of an additive manufactured prototype in Nylon. The
auxiliary embodiment is connected to the intermediate body with three
folded leafsprings which ensures coupling of the tilt motion of both
bodies. Additionally, the auxiliary body is connected with three folded
leafsprings to both the end-effector and base to provide the require two-
to-one ratio in motion between the end-effector and intermediate body.
It has to be noted that the auxiliary embodiment only couples tip-tilt
motion in the two-to-one ratio and does not eliminate the under-
constrained pan motion of the intermediate body. However, as the
frequency of the pan mode is typically higher (especially when con-
sidering the additional stiffness of the slaving mechanism) with a re-
latively small amplitude, this remaining underconstrained degree of
freedom could be acceptable. Additionally it has to be noted that pan
motion of the end-effector is constrained by the slaving mechanism
effectively creating an universal joint instead of a spherical joint.

9. Conclusion

A large range of motion spherical flexure joint can be obtained by
using a topology with three or more folded leafsprings in parallel, of
which all folding lines intersect at a single point. Especially when
considering a large range of motion, increasing the number of folded
leaf springs does not guarantee an increased level of support stiffness in
the load bearing directions, which is caused by the increased risk of
collision between the flexures. The highest level of support stiffness can
be obtained by effectively stacking two spherical joints in series, each
having three folded leafsprings in parallel. With this design the de-
formations of the flexures are halved allowing for stiffer flexures for the
same level of stress. This results in a significant increase in support
stiffness, although it comes at the cost of an underconstrained

intermediate body which could require additional damping or a slaving
mechanism for some applications, for which several options are pre-
sented. Structural optimizations on a diverse set of flexure topologies
have resulted in a flexure-based spherical joint which allows for ± 30
degrees tip-tilt and ± 10 degrees pan motion. At maximum deflection,
this joint maintains a support stiffness of over 200 N/mm, which is
more then an order of magnitude higher than the current state of the art
spherical flexure joints with similar range of motion. Furthermore, load
capacity is unmatched (290 N at 30° tip-tilt) and pivot shift remains
below 0.5mm for a combined 30° tip-tilt and 10° twist motion.
Experimental validations verify the simulated performance and confirm
the high support stiffness and load capacity over the entire range of
motion.
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