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We present an efficient general method to simulate in the Stokesian limit the coupled translational and
rotational dynamics of arbitrarily shaped colloids subject to external potential forces and torques, linear
flow fields, and Brownian motion. The colloid’s surface is represented by a collection of spherical
primary particles. The hydrodynamic interactions between these particles, here approximated at the
Rotne-Prager-Yamakawa level, are evaluated only once to generate the body’s (11× 11) grand mobility
matrix. The constancy of this matrix in the body frame, combined with the convenient properties of
quaternions in rotational Brownian Dynamics, enables an efficient simulation of the body’s motion.
Simulations in quiescent fluids yield correct translational and rotational diffusion behaviour and
sample Boltzmann’s equilibrium distribution. Simulations of ellipsoids and spherical caps under shear,
in the absence of thermal fluctuations, yield periodic orbits in excellent agreement with the theories by
Jeffery and Dorrepaal. The time-varying stress tensors provide the Einstein coefficient and viscosity of
dilute suspensions of these bodies. Published by AIP Publishing. https://doi.org/10.1063/1.5027063

I. INTRODUCTION

Colloidal suspensions are ubiquitous in nature and in
man-made materials. The dynamics of colloidal particles are
therefore of interest to both academia and industry. Several
important analytical results have been derived in the Stokes
limit of colloids moving at low Reynolds numbers, including
Stokes’s drag on a spherical colloid, Einstein’s viscosity of
a dilute suspension of spherical colloids, and Jeffery’s tum-
bling motion of an ellipsoidal colloid in a linear shear flow.1–6

Solving the mobility matrix and resulting motions of complex-
shaped rigid particles, however, typically requires a numerical
approach. One way is to explicitly solve the flow around the
body using direct numerical simulations, e.g., lattice Boltz-
mann simulations, but this is computationally demanding and
becomes difficult at low Reynolds numbers.7,8

Building on the work by Oseen9 and Burgers10 for the
flow field generated by a point force, Riseman and Kirk-
wood11 derived translational and rotational diffusion tensors
for rigid clusters of particles in the Stokesian limit. Bloom-
field and co-workers12–14 and Goldstein,15 among others,
extended this framework by incorporating the improved hydro-
dynamic interactions between two spheres derived by Rotne
and Prager16 and Yamakawa.17 The result is a (6 × 6) mobil-
ity matrix relating the translational and rotational velocities
of a colloidal body to the total force and torque acting on
that body, taking into account the hydrodynamic interactions
between the various parts of the body and implicitly solving
the constraint forces and torques that rigidify the body. Sev-
eral authors reported on codes to calculate this matrix,18,19

a)Electronic mail: w.k.denotter@utwente.nl

while Garcı́a de la Torre et al.20,21 made their Hydro++ code
publicly available. The latter also combined a rotationally aver-
aged weighted translational mobility matrix with a volume
correction to predict intrinsic viscosities at zero shear rate.22,23

Brady and collaborators developed Stokesian Dynamics (SD)
to simulate suspensions of (non-connected) spherical parti-
cles.24,25 In this scheme, the generalized velocities and forces
are supplemented with stress and strain matrices to improve
the accuracy of the hydrodynamic calculations, to simulate
suspensions in linear flow fields, and to calculate viscosities
of quiescent and flowing suspensions. Several authors hinted
at and/or have worked out a generalized mobility matrix for
arbitrarily shaped colloids including stress and strain,19,26–28

but a detailed description and thorough test of a generic method
appears to be missing in the literature. The aim of the current
paper is to describe the derivation of a generalized (11 × 11)
grand mobility matrix, implemented in the publicly available
Oseen11 code, and to compare simulation results obtained
with this matrix against a number of analytical results for
validation.

The generalized mobility matrix, obtained by the method
outlined above or by the boundary element method,29,30 can
be used to efficiently simulate the dynamics of the body. For
a rigid object, the mobility matrix in the body-based frame
remains constant; hence, it needs to be evaluated only once
and its time-varying counterpart in the laboratory-based frame
is readily obtained through rotation. The literature contains a
number of simulations of this type,18,31,32 using quaternions
to describe the orientation of the body relative to its hydro-
dynamic center. We show that this is a fortuitous choice. It
is well known that the use of four quaternion coordinates
removes the degeneracy encountered with three rotational
coordinates, like the Euler angles or the components of a
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rotation vector.33 In the simulation of Brownian motion, how-
ever, the use of non-Cartesian coordinates gives rise to an
additional metric-related term in the equations of motion.
Furthermore, in the usual Itô representation of stochastic dif-
ferential equations, the orientation-dependence of the space-
based mobility matrix also gives rise to an additional term
in the equations of motion.34–36 Naess, Elgsaeter, and co-
workers37–41 derived expressions for these additional terms
for simulations employing Euler angles and a rotation vec-
tor, respectively, assuming a block-diagonal mobility matrix.
Ilie et al.42 showed that the additional terms vanish identi-
cally when using quaternions, in combination with an exactly
solved constraint to preserve the unit length of the quaternion
vector, again assuming a block-diagonal mobility matrix. Their
derivation is extended here to general mobility matrices, arriv-
ing at the convenient result that the additional terms cancel
out when using quaternions to represent rotations around the
mobility center. Alternatively, Makino and Doi29 employed
a Fokker-Planck equation to derive an equation of motion
using the nine elements of the rotation matrix as coordi-
nates to describe the orientation of the object; their time
evolution obeys the six orthonormality conditions to a rota-
tion matrix only in the limit of vanishing time step, and
consequently the calculated motion is subject to a gradual
drift.

The outline of this paper is as follows: The derivations
of the grand mobility matrix and the equations of motion are
presented in Sec. II, with details referred to the appendices,
culminating in the central expression of Eq. (19). Simula-
tion results validating the algorithm are presented in Sec. III,
where it is shown that translational and rotational Brownian
dynamics, as well as the equilibrium Boltzmann distribution,
are faithfully sampled for colloids in a quiescent fluid, while
colloids in sheared fluids, in the absence of Brownian motion
and external forces, correctly trace the analytical Jeffery orbits
of ellipsoidal particles3 and spherical caps.43 We end with a
brief summary of the main results.

II. THEORY

The constant body-based generalized mobility matrix of
a rigid colloid fully describes the response of the colloid to
external influences. In Subsections II A and II B, we derive
this matrix for a body consisting of primary spherical particles
and construct the corresponding Brownian Dynamics equation
of motion.

A. Mobility matrix

Consider a collection of N unconnected spherical parti-
cles suspended in an incompressible Newtonian viscous fluid.
At low Reynolds numbers, the equations of motion of each
particle are solved by balancing the potential-based force and
torque on the particle with the hydrodynamic drag force and
torque experienced by the particle, which in turn depend on
the motions of all particles in the system.6 In the mobility rep-
resentation, the translational velocity v̄i and rotational velocity
ω̄i of the ith particle with position x̄i are related to the potential-
based forces f̄ j and torques τ̄j on all particles j, via the grand

mobility matrix,

*...
,

v̄i − v̄∞i
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∞
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=
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Here the balance is solved in the presence of a linear back-
ground flow field, v̄∞i = v̄∞(x̄i), with

v̄∞(x̄) = v̄∞0 + ¯̄E∞x̄ + ω̄∞ × x̄, (2)

where the strain rate ¯̄E∞ and angular velocity ω̄∞ are uniform
throughout the system and v̄∞0 denotes the flow velocity at the
origin of the laboratory coordinate system. The vector on the
r.h.s. of Eq. (1) collects the force, torque, and stress, ¯̄Sj, trans-
mitted by particle j onto the fluid. The deformations of the
particles are obtained by balancing the hydrodynamic stresses
on the particle (i.e.,− ¯̄Sj) and the potential-based stresses on
the particle with the deformation stresses within the particle;
for rigid particles, the latter reduce to Lagrange multipliers
that balance any imposed stress at vanishing deformation of
the particle. Approximate analytical expressions for the grand
mobility matrix of two interacting spherical particles are avail-
able in the literature5,24 and summarized in Appendix A.
Our objective in this subsection will be to derive, starting
from Eq. (1) or from the equivalent (inverse) resistance prob-
lem in Eq. (6), a mobility matrix relating the translation,
rotation, and stress of a rigid cluster of N spherical parti-
cles to the total potential force, torque, and flow field. Two
brief comments on the notation: the number of bars high-
lights the rank of a tensor, with each spatial index running
over the usual three dimensions; for tensors with both a
subscript and a superscript, the former denotes the intended
multiplication partner and the latter denotes the resulting
outcome.

The combination of various ranks in the grand mobility
tensor disallows the use of standard numerical routines for
square matrices. We therefore rewrite the strain rate of the flow
field as a linear combination of nine (3 × 3) “basis matrices”
¯̄eE
κ and their “dual basis matrices” ¯̄eκE ,

¯̄E∞ =
∑
κ

¯̄eE
κ E∞κ , (3a)

E∞κ = ¯̄eκE : ¯̄E∞, (3b)

where the set of coefficients E∞κ constitute a column vector Ē∞

and the colon denotes a double contraction. Since in the context
of hydrodynamics it proves convenient to use a non-orthogonal
set of basis matrices, the basis matrices in the reverse transfor-
mation differ from those in the forward transformation;5 we
refer to Appendix B for more details. Because the strain rate
is defined as the symmetric part of the flow field gradient, for
any divergence-free flow only five coefficients are required. If
one is not interested in the hydrostatic pressure, the stresses on
the particles—symmetric by definition—likewise reduce to a
five-vector, S̄j. We then arrive at
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, (4)



194112-3 D. Palanisamy and W. K. den Otter J. Chem. Phys. 148, 194112 (2018)

where

¯̄µE,i
f ,j =

¯̄̄eEE : ¯̄̄µE,i
f ,j , (5a)

¯̄µv,i
S,j =

¯̄̄µv,i
S,j

¯̄̄eS
S, (5b)

¯̄µE,i
S,j =

¯̄̄eEE : ¯̄̄̄µE,i
S,j

¯̄̄eS
S, (5c)

etcetera, where ¯̄̄eEE and ¯̄̄eS
S denote the third-rank tensors com-

bining the five basis matrices { ¯̄eκE } and { ¯̄eS
κ }, respectively.

Since we have recovered conventional vector-matrix products
in Eq. (4), henceforth the bars will be omitted for notational
convenience. Note that particles i and j are now coupled by an
(11 × 11) matrix. Inversion of the (11N × 11N) grand mobil-
ity matrix yields the (11N × 11N) grand resistance matrix in
the resistance representation of a collection of unconnected
particles,
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,
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+/////
-

*...
,
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∞

− E∞

+///
-

. (6)

The summation results on the r.h.s. can be interpreted as
minus the hydrodynamic force, torque, and stress on parti-
cle i at given linear and angular velocities of all particles j
in a given flow field. The hydrodynamic interactions remain
unchanged when the particles are connected to form a rigid
cluster. The particle velocities in a rigid cluster are related
by

vj = v + ω × rj, (7a)

ωj = ω, (7b)

where rj = xj − x denotes the vector connecting particle j to
a reference point on the cluster with spatial position x, hence-
forth referred to as the position of the cluster; v = ẋ represents
the translational velocity of the cluster; and ω is its rotational
velocity. The background flow velocity experienced by parti-
cle j, see Eq. (2), is then readily expressed as the background
flow velocity experienced by the cluster, v∞(x), plus a linear
transformation of rj.

Given the forces, torques, and stresses on the individual
particles in a rigid cluster, the total force, torque, and stress on
the cluster follow by the addition rules

f =
N∑

i=1

f i, (8a)

τ =
N∑

i=1

(τi + ri × f i), (8b)

S =
N∑

i=1

(Si + ri ⊗ f i). (8c)

The first two of these equations are readily applied to the
potential-based forces and torques on the particles, whereas
in the third equation the stresses on the particles are still
unknown. Applying these addition rules, in combination with
Eq. (7), to the r.h.s. of Eq. (6) yields the (11 × 11) grand

resistance matrix of the cluster,
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+///
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=

*....
,
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+////
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− E∞

+///
-

, (9)

where the r.h.s. represents minus the generalized hydrody-
namic forces on the cluster. Explicit expressions for the nine
sub-matrices are provided in Appendix C. The generalized
constraint forces acting between the particles in a rigid cluster
are all internal to the cluster and therefore do not contribute
to the dynamics of the cluster. Simulating the dynamics of the
cluster requires evaluation of the velocities for given potential-
based generalized forces and a given background flow field.
This is achieved by a partial inversion of the above equation,
see Appendix D, to arrive at the grand mobility matrix of the
cluster,

*...
,

v − v∞(x)

ω − ω∞

S

+///
-

=

*....
,

µvf µvτ µvE

µωf µωτ µωE

µSf µSτ µSE

+////
-

*...
,

f

τ

−E∞

+///
-

. (10)

While the laboratory-based grand mobility matrix will vary
with the orientation of the rigid cluster, the body-based matrix
remains constant. Hence, in principle, the dynamics of the
cluster can be simulated based on a single evaluation of the
mobility matrix.

B. Brownian Dynamics

The laboratory positions of all particles in a rigid cluster
can be expressed as

xi = x + A(s)
(b)ri, (11)

where x denotes the space-based position of the reference
point on the cluster that defines the origin of the body-based
coordinate system, ri represents the body-based coordinates of
particle i, and A(s)

(b) is the rotation matrix from the body frame
(b) to the space frame (s). For numerical convenience, see
Sec. I, the rotation will be described in terms of the four-vector
quaternions q, with a constraint of unit length, |q| = 1. Details
on the rotation matrix, and the corresponding transformation
matrices for angular velocities, can be found in Appendix E.
The generalized mobility matrix to be used henceforth is the
matrix evaluated in the body frame. The objective now is to
obtain equations of motion for the position x and orientation
q of the cluster.

For a particle in a quiescent fluid, experiencing a con-
servative potential Φ, the Brownian equation of motion in
generalized coordinates Q reads as34–36

∆Q(t) = Q(t + ∆t) −Q(t)

= −µQ∇QAQ∆t + kBT∇Q · µQ∆t + δQ, (12)

with ∆Q(t) being the displacement at time t over a time step
∆t, mobility matrix µQ, free energy AQ, Boltzmann’s constant
kB, temperature T, and random Brownian displacements δQ.
The free energy is defined as

AQ(Q) = −kBT ln PQ(Q)

= Φ(Q) −
1
2

kBT ln gQ(Q), (13)
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with the Boltzmann equilibrium probability distribution for a
particle experiencing a potential Φ given by

PQ(Q)dQ ∝ g1/2
Q (Q) exp

[
−
Φ(Q)
kBT

]
dQ, (14)

where the metric gQ measures (the square of) the volume in
coordinate space of dQ. The first term on the last line of
Eq. (12) is akin to Eq. (10), with minus the gradient of the
free energy providing the driving force and a multiplication
by ∆t to turn velocities into displacements. In the third term
on the last line of Eq. (12), the components of the Brownian
displacement vector δQ have zero average, no memory of the
preceding time steps (i.e., Markovian), and their correlations
are related to the mobility matrix by the fluctuation-dissipation
theorem,34–36

〈δQ ⊗ δQ〉 = 2kBTµQ∆t, (15)

where the pointed brackets denote a canonical average. In the
Itô representation, i.e., all terms on the last line of Eq. (12) are
evaluated at time t, the equation of motion contains a diver-
gence term (here, the second term on the r.h.s.) accounting
for spatial variations of the mobility. Inclusion of this term,
which appears natural when deriving the first order equation
of motion from the second order Langevin equation,36 ensures
that the proper equilibrium distribution is sampled by Brow-
nian systems with coordinate-dependent mobilities, like the
non-spherical colloids in this study. All aforementioned con-
tributions are imperative in simulations using Euler angles
or a rotation vector to represent the orientation of the clus-
ter, along with Taylor expansions to solve weak singularities
at specific orientations.37–41 Ilie et al.42 have recently shown
that the equations of motion simplify considerably when using
quaternions, which will be the approach followed and extended
here.

For a (6 × 6) mobility matrix, and assuming transla-
tion and rotation to be decoupled, Ilie et al.42 derived the
Brownian equations of motion for translation and rotation
as

∆x = A(s)
(b)

[
µv(b)

f (b)A
(b)
(s) f (s)

∆t + δx(b)
]
, (16a)

∆q = Bq̇
(b)

[
µω(b)
τ(b) A(b)

(s)τ
(s)
∆t + δψ(b)

]
+ λq, (16b)

respectively. Both equations have the same structure: the force
(torque) in the space frame is rotated to the body frame by
the inverse rotation matrix, A(b)

(s) = (A(s)
(b))
−1, the balance with

the hydrodynamic friction force (torque) is solved in the body
frame, and the resulting (angular) velocity is rotated back to the
space frame to update the coordinates. The (4 × 3) matrix Bq̇

(b)
combines the rotation of a body-based angular velocity to the
space frame with the conversion to time derivatives of quater-
nions; see Appendix E. The stochastic translations δx(b) and
rotations δψ(b) are sampled in the body frame, each with zero
mean and each separately obeying a fluctuation-dissipation
theorem akin to Eq. (15). These random displacements are
easily generated using two independent three-vectors Θx and
Θψ of uncorrelated memory-free random numbers with zero
mean and unit variance, in combination with the symmetric

square roots of the (3 × 3) mobility matrices,

δx(b) =
√

2kBT∆t
(
µv(b)

f (b)

)1/2
Θx, (17a)

δψ(b) =
√

2kBT∆t
(
µω(b)
τ(b)

)1/2
Θψ . (17b)

The metric and divergence terms in the generalized equation
of motion vanish identically when simulating the translational
motion in Cartesian coordinates. Neither term vanishes in the
description of the rotational motion, but both turn out to be
parallel to q and therefore they cancel against the constraint
force along ∇q |q| = q that preserves the unit length of the
quaternion vector.42 The strength of the constraint force, i.e.,
the Lagrange multiplier λ, is solved from the condition of unit
length,

|q(t + ∆t)| = ��qu(t + ∆t) + λq(t)�� = 1, (18)

where qu(t +∆t) denotes the quaternions following the uncon-
strained time step. One readily shows that this condition
constitutes a quadratic equation in λ.

The above equations of motion can be generalized to
(6 × 6) mobility matrices with coupled translational-rotational
motion, i.e. matrices for which the cross-terms µvτ and
µωf = (µvτ)T are non-zero. We present the main results here,
and refer the reader interested in the mathematical details of
the derivation to Appendix F. The equations of motion includ-
ing Brownian noise take their simplest form when µωf = µ

v
τ ,

which occurs when the origin of the body-based coordinate
system coincides with the hydrodynamic center of the clus-
ter. We will henceforth adhere to this convenient choice and
identify x with the space-based position of the hydrodynamic
center—note that the equations of motion in the absence of
Brownian noise will be of the same form for any chosen refer-
ence point. Equations to locate this center, and to subsequently
“shift” the cluster mobility matrix to this center without repeat-
ing the calculation of Sec. II A, are included in Appendix G.
Upon adding the displacements due to the linear flow field, the
equations of motion read as

*
,

∆x

∆q
+
-
=

*.
,

A(s)
(b) 0

0 Bq̇
(b)

+/
-



*
,

µvf µvτ µvE
µωf µωτ µωE

+
-

(b)

(b)

*....
,

A(b)
(s) f (s)

A(b)
(s)τ

(s)

−E∞(b)

+////
-

∆t + *
,

δx(b)

δψ(b)
+
-



+ *
,

v∞(s)

Bq̇
(s) ω

∞(s)
+
-
∆t + *

,

0

λq
+
-
. (19)

In the first term between square brackets, the forces and torques
in the space frame are converted to the body frame by a single
rotation, while the corresponding conversion of the strain rate
involves two rotations followed by a reduction to five-vector,

E∞(b)
κ = eκE :

[
A(b)

(s) E∞(s)A(s)
(b)

]
. (20)

The generalized velocities are solved from a force balance in
the body frame, converted back to the space frame and multi-
plied by the time step to obtain a displacement. In the second
term between square brackets, the stochastic displacements
are calculated using the symmetric square root matrix of the
symmetric (6 × 6) top-left sub-matrix of the grand mobility
matrix, in combination with a random six-vector Θxψ whose
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elements have zero mean, unit variance and are devoid of
correlations,

*
,

δx(b)

δψ(b)
+
-
=

√
2kBT∆t


*
,

µvf µvτ
µωf µωτ

+
-

(b)

(b)



1/2

Θxψ . (21)

The penultimate term to Eq. (19) describes the particle being
carried along and rotated by the flow field. The final term rep-
resents the constraint introduced to preserve the unit length of
the quaternion vector, which is solved using Eq. (18).

In the absence of Brownian motion, i.e., for T = 0, the
mobility matrix gives the stresses exerted by the body on the
fluid, expressed in the body frame, as

S(b)(0) =
(
µSf µ

S
τ µ

S
E
) (b)

(b)

*.....
,

A(b)
(s) f (s)

A(b)
(s)τ

(s)

−E∞(b)

+/////
-

. (22)

Conversion to a stress tensor in the space frame is achieved by
a vector to tensor transformation, followed by two rotations,

S(s) = A(s)
(b)

[ ∑
κ

eS
κS

(b)
κ

]
A(b)

(s) . (23)

We note that for a non-Brownian cluster the stresses are lin-
early related to the velocities of the body and hence to the
displacements over a time step ∆t. Extending this relation to
the Brownian case, i.e., assuming that Brownian forces and
external forces that generate identical displacements will also
induce identical stresses, one arrives at

S(b)(T ) = S(b)(0) +

√
2kBT
∆t

(
µSf µ

S
τ

) (b)

(b)


*
,

µvf µvτ

µωf µωτ
+
-

(b)

(b)



−1/2

Θxψ .

(24)

The prefactor ∆t−1/2 in the last term appears because the stress
represents the time-averaged stress over the time step∆t, while
the standard deviation of the Brownian force, i.e., a series of
uncorrelated kicks by the solvent molecules, increases as∆t1/2.
Since for any given configuration the last term in the above
expression averages to zero, we conclude that in the stationary
state Brownian motion affects the stress only indirectly, i.e.,
by its impact on the distribution being sampled.

III. SIMULATION RESULTS

To validate the proposed algorithm, the various contribu-
tions to the equations of motion were tested, on an individual
basis and/or in combinations, by comparison against known
analytical solutions. The units used in the simulation are ε for
energy, σ for distance, and τ for time.

A. Brownian motion

To test the Brownian contributions to the equations of
motion, we consider an anisotropic particle with the body-
based diagonal translational and rotational mobility matrices
having the diagonal values (5, 7, 9) σ2(τε)−1 and (0.5, 4, 10)
(τε)−1, respectively. The temperature is set at kBT = 1ε , and
the time step is set at ∆t = 1·10−4τ.

FIG. 1. Probability distributions of the azimuthal angles φ and (the cosines
of) the polar angles θ, relative to the space frame, of the three body-fixed eigen-
vectors of the mobility matrix of an anisotropic particle performing Brownian
rotational diffusion. The solid lines represent the theoretical predictions.

The orientational probability distribution of the parti-
cle, in an isotropic environment, is analysed by sampling
the orientations of the three body-fixed eigenvectors û(b)

i of
the mobility matrix, as seen from the space-fixed frame,
û(s)

i (t) = A(s)
(b)(t)û

(b)
i . The probability distributions of the polar

angles θi and azimuthal angles φi for the three body-based
basis vectors, see Fig. 1, agree well with the expected isotropic
distributions.

The dynamic properties are analysed by measuring the
diffusional behaviour of the particle. In an isotropic medium,
with all particle orientations equally likely, the average trans-
lational diffusion coefficient along any space-fixed direction is
given by D(s) = 1

3 kBTTr(µv(b)
f (b)), where Tr denotes the trace. The

simulated time-dependent mean square displacements along
the three space-fixed Cartesian axes overlay the theoretically
expected curves; see Fig. 2.

The rotational diffusion is characterized by calculating the
time correlation of a body-fixed vector û(b), as seen from the
space-fixed frame,

Gû(b) (t) =
3
2

〈(
û(s)(t) · û(s)(0)

)2
〉
−

1
2

, (25)

with û(s)(t) = A(s)
(b)(t)û

(b). The time-correlation function has

been solved theoretically as a sum of five exponentials,29,44

FIG. 2. Mean square displacements along the three space-fixed axes (mark-
ers) of a Brownian diffusing anisotropic particle, along with the theoretical
prediction (line).
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Gû(b) (t) =
5∑

i=1

aie
−t/τi , (26)

where the five amplitudes ai and relaxation times τi are
functions of the three rotational diffusion coefficients of the
body and the three body-fixed components of the vector û(b).
Figure 3 shows good agreement between the time-correlation
functions from the simulations and the theoretical curves.

The aforementioned tests were repeated with an asym-
metric body, a helix of 81 nearly touching particles forming
a single 360◦ turn with a radius of 12.5σ and a height of
25σ. The simulation results (data not shown) are again in
good agreement with theory. Taken together, these tests vali-
date the inclusion of the stochastic terms in the equations of
motion.

B. Potentials

Consider a particle with two point charges qi = ±q placed
at distances ± 1

2 d from the center of the particle along a direc-
tion û(b), creating a constant dipole moment p(b) = qdû(b) in the
body frame and a variable dipole moment p(s)(t) = A(s)

(b)(t)p
(b)

in the space frame. In the presence of an external electric field
E(s), the charges experience forces f (s)

i = qiE(s). The net force
acting on the particle is zero, while the two forces induce a
torque τ(s) = p(s) × E(s) that tends to align the dipole with the
field. In the presence of thermal noise, the angle θ between the
electric field and the dipole moment should obey the Boltz-
mann distribution P(cos θ) = Z−1 exp(βpE cos θ), where Z
is the normalizing configuration integral, irrespective of the
mobility matrix. A particle with the aforementioned mobil-
ities was simulated both using a single torque acting on a
body-fixed dipole vector and using two forces acting on two
body-fixed charges, obtaining good agreement with theory in
both cases; see Fig. 4. These tests validate the implementa-
tion of the conservative and stochastic terms in the equation
of motion.

C. Flow fields

The flow-induced particle dynamics were tested in the
absence of conservative and stochastic terms to allow compar-
ison with analytical expressions in the literature. Simulations
of spheres, ellipsoids, and hemispherical caps were performed

FIG. 3. Time-correlation functions of the three body-fixed eigenvectors of the
rotational mobility matrix, as seen in the lab frame, compared with theoretical
prediction (lines).

FIG. 4. Probability distribution of the angle θ between the dipole moment
of a particle and an external uniform electric field, for βpE = 5, and the
corresponding theoretical result (line).

at a shear rate of γ̇ = 0.01τ−1 in a solvent of viscosity
ηs = (6π)−1ετ/σ3, using a time step of ∆t = 0.01τ.

1. Spheres

The simplest body is a rigid sphere. Due to its symme-
tries, the mobility matrix is block diagonal and the sphere
merely translates and rotates along with the background fluid,
v = v∞(x) and ω = ω∞. The presence of a rigid body induces
stress in the fluid, which is evaluated by Eqs. (22) and (23).
For ease of comparison, we convert all calculated stresses into
Einstein coefficients,

Bαβ =
1

ηsVc

S(s)
αβ

E∞(s)
αβ

, (27)

with V c being the volume of the colloid. For a rigid sphere, all
elements of B should be equal to 5/2.2,6 When simulating the
sphere as a single primary particle in a shear flow with shear
rate γ̇, hence v∞(x) = γ̇yê(s)

x , the two non-zero elements of the
stress and strain matrices, xy and yx, both yield Einstein coef-
ficients that approach the theoretical value to within numerical
accuracy. Besides shear flow, the algorithm also permits planar,
uniaxial, and biaxial extensional flows. In all cases, the non-
zero elements in the stress and strain tensor yield an Einstein
coefficient of 5/2, in agreement with theory.

The simulation of more complex bodies requires the con-
struction of a rigid shell of primary spheres such that the collec-
tive outer envelope of the primary particles closely approaches
the outer surface of the desired body. To assess the validity
of this approach, a sphere was modeled as a collection of
N = 2082 beads of radius a = 1σ forming a hollow shell.
The beads were placed on the vertices of a geodesic spheri-
cal dome, created with the DistMesh routine45 in matlab,46

and subsequently shifted along the radial direction to place
all bead centers at equal distance R = 32σ from the sphere’s
center. Table I collects the Einstein coefficients obtained from
the simulations, with standard deviations resulting from the
time-varying orientation of the near-spherical body relative
to the shear flow (the sphere rotates with an angular veloc-
ity ω = ω∞(s) = γ̇/2 around the vorticity direction). Since
the body’s surface is not uniquely defined, the volume enter-
ing Eq. (27) was calculated based on i) a sphere with radius R
matching the distance between bead centers and sphere center,
ii) the former volume augmented with the collective volume
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TABLE I. Einstein coefficients Bxy for a hollow sphere of 2082 primary
particles in an xy shear flow, calculated using Eq. (27), assuming the three
definitions of the sphere’s volume discussed in the main text. The last line
shows the effective radius corresponding to the theoretical value Bxy = 2.5.
The standard deviations result from the rotating spherical shell not being
perfectly spherical.

Surface R Bxy

Centers 32 2.6488 ± 1·10�4

Centers and bumps 32–33 2.5672 ± 1·10�4

Circumscribed 33 2.4152 ± 1·10�4

Effective sphere 32.6226 ± 1·10�4 2.5

2
3 Nπa3 of the hemispherical bumps decorating the former sur-
face, and iii) the volume of the circumscribed sphere of radius
R + a. The second option yields a Bxy nearest the theoretical
Einstein coefficient of 2.5. Assuming the latter value as given,
one may also invert the calculation to determine the effective
radius of the body, as in the last line of Table I. Comparing the
calculated translation and rotation diffusion coefficients with
their well-known theoretical counterparts, Dt = kBT /(6πηsR)
and Dr = kBT /(8πηsR3), yields relative errors for translation
diffusion of −2.1%, 1.2%, and −0.03% and for rotation dif-
fusion of −5.8%, 3.3%, and −0.02%, when using sphere radii
based on the centers of the primary particles, the circumscribed
sphere, and the effective sphere, respectively.

When modeling a body as a shell of nearly touching
identical primary particles, the numerical results depend on
the number of particles N as well as on the highest order
r−n

ij included in the expansion of the hydrodynamic interac-
tions between pairs of particles, i.e., the series in Eq. (A5).
Figure 5 collects results for the translation diffusion coeffi-
cient, the rotation diffusion coefficient, and the Einstein coef-
ficient of a spherical body for three values of N and five values
of n. To enable comparison, all coefficients are converted
into effective radii using the aforementioned expressions and
divided by the radius of the sphere containing the centers of
the particles. For the N = 8 cubic representation frequently
used in the literature,23,47 the rescaled radii show significant

FIG. 5. Impact of truncating the hydrodynamic pair interactions at order n
in the reciprocal inter-particle distance, r−1

ij . For ease of comparison, the cal-
culated translation diffusion coefficient Dt , rotation diffusion coefficient Dr ,
and Einstein coefficient B for spherical shells of N = 8 (blue), 102 (green),
and 2082 (black) primary particles have been converted to effective sphere
radii Rx,N using their well-known theoretical expressions and divided by the
radius RN of the sphere through the centers of the primary particles.

differences that decrease in a non-monotonic way with increas-
ing order n. With an increasing number of particles, the three
effective radii tend to be in better agreement, while the radius
of the body increases. Consequently, at N = 102, the standard
deviation of the six effective radii for n = 4 and 5 has reduced
to ∼1� of the average, while for N = 2082 the nine effective
radii for n ≥ 3 agree to within ∼0.3� of the average. Hence,
employing more primary particles appears as the more appeal-
ing method to attaining an accurate description of a complex
body, rather than extending the hydrodynamic pair interaction
to higher orders in the distance.

2. Ellipsoids

The second body shape considered is a prolate ellipsoid
of revolution, also known as a prolate spheroid, which has
been studied extensively in the past.3,10,48 Because of the
reduced symmetry relative to the sphere, the block diagonal
grand mobility matrix of the sphere becomes augmented by
off-diagonal blocks coupling flow and rotation, i.e., µωE and
µSτ . A characteristic feature of an ellipsoid in shear flow is its
non-uniform tumbling motion, see Fig. 6, commonly referred
to as Jeffery orbits, while the center of the ellipsoid translates
uniformly with the flow. Jeffery3 derived that ellipsoidal bod-
ies trace periodic orbits with the in-plane rotation angle of the
long axis evolving as

tan φ(t) = p tan
γ̇pt

p2 + 1
, (28)

where p = L/D denotes the aspect ratio of the ellipsoid, with
L and D being the lengths of the long and short axes, respec-
tively. Due to the asymmetric shape, the stress induced on the
fluid varies with the orientation of the ellipsoid. Jeffery also
evaluated the excess work when shearing a fluid containing
an ellipsoid of volume V c, which for an ellipsoid tumbling
at θ = π/2 translates into an orientation dependent Einstein

FIG. 6. Snapshot of a prolate ellipsoid with aspect ratio p = 5, periodically
tumbling clockwise around the z axis in a linear shear flow v∞(x) = γ̇yê(s)

x .
The red dots, marking the position of one tip at equal time intervals, illustrate
the non-linear angular velocity φ̇ of the particle’s Jeffery orbit, with θ = π/2
throughout.
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coefficient,

Bxy(φ) =
4

3Vp

{
F sin2 2φ + G

}
, (29)

where F and G are functions of the aspect ratio.
In the simulations, ellipsoids with an aspect ratio p = 5

are modelled as hollow shells composed of spherical beads.
The positions of the primary particles xj are generated by tri-
angulation of the ellipsoid’s surface, again using DistMesh.
Each particle is then displaced along the vector rj = xj − x,
with x being the center of the ellipsoid, to ensure that the outer
surfaces of all particles touch the circumscribed ellipsoid of a
desired aspect ratio. The body’s grand resistance and mobility
matrices are calculated using the method outlined in Sec. II A,
taking the primary particle’s radius a as (slightly less than) half
the minimum distance between two adjacent vertices. Analysis
of the nine unique non-zero matrix elements of the resistance
matrix shows that their relative differences from their theoret-
ical values5 scale approximately linearly with N−1; see Fig. 7.
The deviations from the fitted lines are correlated, especially
those of the translational and rotational resistances, suggesting
that the accuracy in describing an ellipsoidal body depends not
only directly on the number of beads but also indirectly via the
N-dependent triangulation of the surface.

Simulations of the ellipsoidal bodies in simple shear flows
yield periodic orbits, with the long axis rotating in a non-
uniform fashion around the vorticity direction, while simul-
taneously the short axes rotate around the long axis. The
magnitudes of these two motions vary with the angle θ, cul-
minating in a pure tumbling motion for θ = π/2 and a pure
rolling motion for θ = 0; these are also the only two values at
which θ remains constant, while all other orientations result
in a coupling between θ and φ in excellent agreement with
Jeffery’s theory.3 As an example, Fig. 8 shows the pure tum-
bling motions of an ellipsoidal body when simulated using
three differing numbers of primary particles, as well as the
theoretical prediction, with all four orbits re-scaled by their
respective periods τN for the ease of comparison. The angu-
lar velocity φ̇ periodically varies between near-zero, when the
long axis is flow-aligned, and φ̇ = γ̇ = 2ω∞(s), when the
particle is oriented along the gradient direction. By contrast,

FIG. 7. Deviations of the nine unique non-zero components of the resistance
matrix of a prolate ellipsoid, relative to their theoretical values (indicated by a
subscript∞), plotted against the reciprocal number of primary particles in the
representation of the ellipsoid. The markers denote the corresponding blocks
of the resistance matrix; the straight lines are fitted by imposing a vanishing
intercept.

FIG. 8. Periodic tumbling of an ellipsoid in a shear flow, with φ being the
angle between the long axis and the velocity gradient direction (mapped to the
range [−π/2, π/2]), with a long axis permanently perpendicular to the vortic-
ity direction, θ = π/2. The markers, with the numbers of primary particles N
denoted in the legend, are equally spaced in time and ought ideally have coa-
lesced for the three representations of the same ellipsoidal body. Agreement
with Jeffery’s theory (solid line) is obtained by rescaling the orbits with their
respective periods τN ; see also Fig. 9.

the center of the body translates at a uniform velocity. The
periods of a dozen realizations of the same ellipsoidal body
converge with increasing N to the theoretical limit, τ∞; see
Fig. 9. Over the explored range of 90 ≤ N ≤ 2128, the periods
are well described by a power law, (τN − τ∞)/τ∞ ≈ 6.6N−0.73.

The tumbling motion of the body causes the Einstein coef-
ficient Bxy to vary periodically too. Simulation results, for three
representations of a p = 5 ellipsoidal body, yield the same char-
acteristic curve as the theoretical prediction;3,49 see Fig. 10.
The coefficient shows broad minima for nearly flow-aligned
orientations, with Bxy slightly undershooting the value of 2.5
for a sphere, alternating with maxima when the particle is at
increased angles to the flow velocity; the narrow dip in this
maximum coincides with the particle briefly reaching an angu-
lar velocity matching the shear rate of the imposed flow. The
largest difference between numerical and theoretical values,
both in relative and in absolute terms, is found at the minima
of the curves. With an increasing number of primary particles,
the simulation results increase to their theoretical values over
the entire time range. The effect of the volume evaluation on
the Einstein coefficient is explored in Fig. 11. Like for the

FIG. 9. Relative deviation in the tumbling periods τN of p = 5 ellipsoidal
bodies, modelled as rigid shells of N spherical primary particles, in a shear
flow. The limiting value, τ∞, is the period derived by Jeffery. The line is a
power-law fit.
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FIG. 10. Time evolution of the Einstein coefficient Bxy for an ellipsoidal body
in a shear flow, as simulated using differing numbers of primary particles and
as derived from Jeffery’s theory. The volume entering Eq. (27) is that of the
ellipsoid enveloping the primary particles [see also Fig. 11]. On the top axis,
the interval between successive ticks corresponds to a rotation ∆φ = π/6.

spherical body, the volume is calculated based on (i) the ellip-
soidal body formed by the centers of the primary particles,
(ii) the increment hereof by including the collective volume
of the half-spheres protruding from this body, and (iii) the
ellipsoidal body that circumscribes the primary particles. The
analytical result is bracketed by the latter two volumes over the
entire time range, suggesting that the effective volume of the
simulated body lies between these two limits. When using a
number of primary particles in the low hundreds, however, the
Einstein coefficients calculated using these two limiting vol-
umes no longer bracket the theoretical curves over the entire
range (data not shown), indicating that the compound body
ceases to accurately describe the desired ellipsoidal shape for
low N.

3. Hemi-spherical caps

A spherical cap, i.e., a fragment of a spherical shell with
radius R and top angle Θ, also performs periodic orbits in a
linear shear flow; see Fig. 12. We again focus on orbits with
the rotational symmetry axis of the body at a constant angle
of θ = π/2 to the vorticity direction. As shown by Dorrepaal,43

the rotational motion of the spherical cap is similar to that of
an ellipsoid,

tan φ(t) = ρ tan
2πt
τ

, (30)

FIG. 11. Influence of the volume calculation on the Einstein coefficient of
an ellipsoidal body approximated by a shell of 2128 primary particles; see
Eq. (27).

FIG. 12. Cross section of a hemi-spherical cap through its symmetry axis.
The coloured dots denote the positions, equally spaced in time, of three points
on the cap’s symmetry axis (arrow starting at the center of the cap) during
the combined rotational and translational motion of this body in a linear shear
flow. The axis system and flow orientation are identical to those in Fig. 6; the
orientation shown corresponds with φ = 3π/2.

where the scaled period γ̇τ and the equivalent axis ratio ρ
are functions of the relative dimensions of the cap. In the
simulations, a hemi-spherical cap,Θ = π/2, is modelled by pri-
mary particles distributed over the surface by the DistMesh
routine. The minimum distance between any two particles is
again used to define their diameter. Whereas an infinitely thin
shell was assumed by Dorrepaal, the simulated shell will only
converge to this limit when the cap’s radius far exceeds the par-
ticle’s diameter, i.e., for N → ∞. The procedure of Sec. II A
is used to determine the mobility matrix that enters in the
actual simulation of the motion, supplemented by a shift of
the reference point to the hydrodynamic center of the cap
by the procedure of Appendix G. The simulated periods of
bodies of 526 and 2051 primary particles closely approxi-
mate the analytical periods, being shorter by 0.4% and 0.03%,
respectively.

Due to the lack of fore-aft symmetry, resulting in a non-
zero µvE, the hydrodynamic center moves periodically.50 The
paths traced by three points on the symmetry axis of a sim-
ulated hemi-spherical cap are shown in Fig. 12. Unlike for
points on the ellipsoidal body at θ = π/2, see Fig. 6, the paths
are non-circular and there is no stationary point on the body.
For a quantitative comparison with theory, Dorrepaal’s point
Q on the symmetry axis (the red bead in Fig. 12) is selected.
The simulated motions of this point, for two caps with differ-
ing numbers of primary particles, agree well with theory, as
shown in Fig. 13, indicating once more that the rotational and
translational motions are simulated correctly. In the absence
of Brownian motion, Eq. (19) can be applied using any point
in the body frame as the reference point. Tests with randomly
chosen reference points indeed recovered the orbits depicted
in Figs. 12 and 13 (data not shown).

Evaluation of the Einstein coefficient, based on the vol-
ume Vc =

2
3πR3 enclosed by the cap, yields a periodically

undulating Bxy akin to that for the ellipsoid (data not shown).
The main differences are a considerable reduction and widen-
ing of the symmetric double peaks flanking the minima at
φ = ±π/2. These minima are again approximately equally low
as the minima attained in the flow-aligned state, φ = 0 and
φ = π, and all minima undershoot the constant value of 2.5
attained for a sphere.
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FIG. 13. Orbit of the center of free rotation of a hemi-spherical cap in a shear
flow, showing simulations with two differing numbers of primary particles and
Dorrepaal’s theory. The markers are equidistant in time and ideally should have
coalesced. The center of the cap (the starting point of the arrow in Fig. 12)
coincides with the origin of the coordinate system for φ = 0.

IV. SUMMARY AND CONCLUSIONS

The Brownian motion of a rigid arbitrary shaped colloidal
body is conveniently simulated using Cartesian coordinates
for the position of the hydrodynamic center and unit quater-
nions for the orientation of the body. As shown by Ilie et al.,42

the use of quaternions—in combination with a unit-length
constraint—simplifies the Brownian equation of motion in the
Itô representation by eliminating several terms. Whereas Ilie
et al. assumed a (6 × 6) mobility matrix consisting of two (3
× 3) blocks for the translational and rotational motion, respec-
tively, the formalism is expanded here to an equation of motion
based on a (11 × 11) grand mobility matrix; see Eq. (19).
The advantages of this expansion are the proper inclusion of
translation-rotation coupling beyond the rotation-dependence
of the translational mobility, the ability to simulate bodies in
linear flow fields and access to the body-induced stress in the
fluid. The grand mobility matrix is constructed by representing
(the surface of) the body by a collection of spherical primary
particles, followed by a weighted summation of the hydrody-
namic interactions over all combinations of two primary parti-
cles. A code to calculate the grand mobility matrix is available
at www2.msm.ctw.utwente.nl/Oseen11. Simulation results
employing this approach to differing particles of various com-
plexities yield excellent agreement with theory, recovering the
Boltzmann distribution and Favro’s rotational relaxation44 for
colloids in quiescent fluids and the periodic orbits derived
by Jeffery3 and Dorrepaal43 for ellipsoids and spherical caps,
respectively, immersed in shear flows in the absence of thermal
noise. The proposed framework enables computational studies
on the complex dynamics of bodies under the combined effects
of potential forces, flow, and Brownian motion, for which
only approximate theoretical descriptions exist to date, like
the Einstein viscosity of dilute suspensions of non-spherical
colloids.10,49,51
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APPENDIX A: PAIR MOBILITIES

The generalized mobility and resistance tensors appearing
in the various equations of the main text are of mixed units.
With a being the radius of the particle, τ being the unit of time,
and ηs being the solvent viscosity, the pair mobility problem
can be re-expressed as

*...
,

(
vi − v∞i

)
τ/a(

ωi − ω
∞
)
τ

− E∞τ

+///
-

=
1

6π

N∑
j=1

µi
j

*....
,

f jτ/
(
ηsa2

)
τjτ/

(
ηsa3

)
Sjτ/

(
ηsa3

)
+////
-

. (A1)

All elements of the generalized vectors (between large brack-
ets) on the l.h.s. and r.h.s. of this expression are dimensionless,
and hence all elements of the tensors µi

j are also dimensionless.
Following the steps outlined in the main text, the dimensionless
mobility problem of the cluster becomes

*....
,

(
v − v∞(s))τ/a(
ω − ω∞

)
τ

Sτ/
(
ηsa3

)
+////
-

=
1

6π
µ

*....
,

fτ/
(
ηsa2

)
ττ/

(
ηsa3

)
−E∞τ

+////
-

. (A2)

The corresponding dimensionless equation of motion is readily
obtained.

The tensorial character of the pair mobility matrix
µi

j imposes the structure of the hydrodynamic interactions

between particles i and j, with difference vector rij = xj − xi,
parallel unit vector r̂ij = rij/rij, traceless dyadic dij = r̂ij

⊗

r̂ij
− 1

3 1, and perpendicular projection pij = 1 − r̂ij
⊗ r̂ij,

where for compactness of notation the particle-pair label is
denoted as superscript to the vectors and matrices. Using
auxiliary functions x, y, and z in the dimensionless dis-
tance r̃ij = rij/a, the elements of the mobility matrix read
as5,24,52,53

µv,i,α
f ,j,β = xv,i

f ,j r̂
ij
α r̂ij
β + yv,i

f ,j p
ij
αβ , (A3a)

µω,i,α
f ,j,β = yω,i

f ,j εαβγ r̂ij
γ , (A3b)

µω,i,α
τ,j,β = xω,i

τ,j r̂ij
α r̂ij
β + yω,i

τ,j pij
αβ , (A3c)

µ
E,i,αβ
f ,j,γ = xE,i

f ,j dij
αβ r̂ij

γ + yE,i
f ,j

(
r̂ij
αpij

βγ + r̂ij
βpij

αγ

)
, (A3d)

µ
E,i,αβ
τ,j,γ = yE,i

τ,j

(
r̂ij
αεβγδ + r̂ij

βεαγδ
)
r̂ij
δ , (A3e)

µ
E,i,αβ
S,j,γδ = xE,i

S,j dij
αβdij

γδ + yE,i
S,j

[
r̂ij
αpij

βγ r̂ij
δ + r̂ij

αpij
βδ r̂ij

γ + r̂ij
βpij

αγ r̂ij
δ

+ r̂ij
βpij

αδ r̂ij
γ

]
+ zE,i

S,j

[
pij
αγpij

βδ + pij
βγpij

αδ − pij
αβpij

γδ

]
,

(A3f)

with the remaining elements following from the symmetry
relations

µ
v,j,β
τ,i,α = µ

ω,i,α
f ,j,β , (A4a)

µ
v,j,γ
S,i,αβ = µ

E,i,αβ
f ,j,γ , (A4b)

µ
ω,j,γ
S,i,αβ = µ

E,i,αβ
τ,j,γ . (A4c)

https://www2.msm.ctw.utwente.nl/Oseen11
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In the Rotne-Prager-Yamakawa approximation, the auxiliary
functions are given by

xv,i
f ,j = δij +

(
1 − δij

) (
3
2 r̃−1

ij − r̃−3
ij

)
, (A5a)
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)
, (A5b)
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One may readily substitute these functions with higher-order
approximations.5

APPENDIX B: THE BASIS MATRICES

Like the strain rate in Eq. (3), the stress is converted
between matrix and vector representations by

S = eS
κSκ , Sαβ = (eS

κ)αβSκ , (B1a)

Sκ = eκS : S, Sκ = (eκS)αβSαβ , (B1b)

where the Einstein summation convention is used, with Greek
indices from the start of the alphabet (α, β, . . .) running over
the three Cartesian directions and Greek indices from the mid-
dle of the alphabet (κ, λ) running over 1 through 5. For the five
components defining the symmetric traceless stress tensor, it
proves convenient to select the three shear-stresses, S1 = Sxy,
S2 = Sxz, and S3 = Syz, in combination with the first and sec-
ond normal stress differences,S4 = Sxx−Syy andS5 = Syy−Szz,
respectively. The corresponding five basis matrices (akin to
basis vectors) to convert the stress from vector S to matrix S
then read as

eS
1 =

*...
,

0 1 0

1 0 0

0 0 0

+///
-

, eS
2 =

*...
,

0 0 1

0 0 0

1 0 0

+///
-

,

eS
3 =

*...
,

0 0 0

0 0 1

0 1 0

+///
-

, eS
4 =

1
3

*...
,

2 0 0

0 −1 0

0 0 −1

+///
-

,

eS
5 =

1
3

*...
,

1 0 0

0 1 0

0 0 −2

+///
-

.

(B2)

Since these basis matrices are not orthogonal, in the sense that
eS
κ : eS

λ , δκλ with δ being the Kronecker delta, the conversion
of the stress from matrix S to vector S requires the reciprocal

basis

e1
S =

1
2 eS

1 , e2
S =

1
2 eS

2 , e3
S =

1
2 eS

3 ,

e4
S =

*...
,

1 0 0

0 −1 0

0 0 0

+///
-

, e5
S =

*...
,

0 0 0

0 1 0

0 0 −1

+///
-

,
(B3)

as is readily verified using Eq. (B1).
The particle-particle grand mobility matrices in Eq. (1)

satisfy a number of symmetry rules, derivable from the Lorentz
reciprocal theorem.5 Consequently, when choosing the (dual)
basis matrices for the strain rate as

eE
κ = eκS , (B4a)

eκE = eS
κ , (B4b)

the particle-particle grand mobility matrices in Eq. (4) will
inherit these symmetries, and the cluster’s grand mobility
matrix in Eq. (10) will be symmetric. The five elements of
the strain rate vector then represent the three shear rates,
E∞1 = 2E∞xy = ∂v

∞
x /∂y + ∂v∞y /∂x, E∞2 = 2E∞xz , and E∞3 = 2E∞yz ,

as well as the two extensional rates E∞4 = E∞xx = ∂v∞x /∂x
and E∞5 = −E∞zz , respectively. The imposition of symmetry is
convenient, but not compulsory, to the approach taken in this
paper.

APPENDIX C: GRAND RESISTANCE MATRIX

In the vectorial representation of the strain rate, the back-
ground flow field experienced by particle j can be expressed
as a sum of matrix-vector products through

v∞(xj) = v∞(x) + ϕjE∞ − εjω
∞, (C1)

which is made of the (3 × 5) matrices

ϕj,ακ = ϕακ(rj) =
∑
β

(eE
κ )αβrj,β (C2)

and the (3 × 3) matrices

εj,αβ = εαβ(rj) = εαγβrj,γ, (C3)

with ε being the Levi-Civita tensor. Inserting these velocities in
Eq. (6) yields minus the hydrodynamic forces on the particles,
which are readily summed, see Eq. (8a), to obtain minus the
total hydrodynamic force on the cluster. The force-related sub-
matrices in the grand mobility of the cluster are then extracted
as

ξ f
v =

N∑
i,j=1

ξ f ,i
v,j, (C4a)

ξ f
ω =

N∑
i,j=1

[
ξ f ,i
ω,j − ξ

f ,i
v,jεj

]
, (C4b)

ξ f
E =

N∑
i,j=1

[
ξ f ,i
E,j + ξ f ,i

v,jϕj

]
. (C4c)
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Similarly, insertion of the hydrodynamic forces into the
summation expression for the torques, see Eq. (8b), yields

ξτv =
N∑

i,j=1

[
ξτ,i
v,j + εiξ

f ,i
v,j

]
, (C5a)

ξτω =
N∑

i,j=1

[
ξτ,i
ω,j − ξ

τ,i
v,jεj − εiξ

f ,i
v,jεj + εiξ

f ,i
ω,j

]
, (C5b)

ξτE =
N∑

i,j=1

[
ξτ,i
E,j + ξτ,i

v,jϕj + εiξ
f ,i
v,jϕj + εiξ

f ,i
E,j

]
. (C5c)

In the vectorial representation of the stress, the addition rule of
Eq. (8c) can be expressed as a sum of matrix-vector products
through

S =
N∑

i=1

[
Si + ψif i

]
, (C6)

with the (5 × 3) matrices

ψi,κα = ψκα(ri) =
∑
β

ri,β(eκS)βα. (C7)

Then

ξSv =
N∑

i,j=1

[
ξS,i
v,j + ψiξ

f ,i
v,j

]
, (C8a)

ξSω =
N∑

i,j=1

[
ξS,i
ω,j − ξ

S,i
v,jϕj − ψiξ

f ,i
v,j + ψiξ

f ,i
ω,j

]
, (C8b)

ξSE =
N∑

i,j=1

[
ξS,i
E,j + ξS,i

v,jϕj + ψiξ
f ,i
v,jϕj + ψiξ

f ,i
E,j

]
. (C8c)

From the symmetry of the (6 × 6) top-left sub-matrix of the
particle-based grand resistance matrices, it readily follows that
the (6 × 6) top-left sub-matrix of the cluster’s grand resis-
tance matrix is also symmetric. Retainment of the symmetries
of the particle-based sub-matrices related to the stress and
strain, however, is subject to the chosen basis matrices; see
Appendix B.

APPENDIX D: PARTIAL INVERSION

To solve B and C in the relation

*
,

A

B
+
-
= *

,

Q R

S T
+
-

*
,

C

D
+
-
, (D1)

one first solves C from the top line, followed by the substitution
of this result in the bottom line, yielding

*
,

C

B
+
-
= *

,

Q−1 −Q−1R

SQ−1 T − SQ−1R
+
-

*
,

A

D
+
-
. (D2)

In the context of Eq. (9), B and C refer to the five hydrody-
namic stresses and the six generalized velocities of the cluster,
respectively, while A and D represent the six generalized con-
servative forces on the cluster and minus the strain rate of the
fluid, respectively.

APPENDIX E: QUATERNIONS

A rotation matrix in three-dimensional space can be
expressed in terms of the unit quaternion four-vector, q = (q0,
q1, q2, q3), with |q| = 1, where for the conversion from the
body frame (b) to the space frame (s) we use

A(s)
(b) =

*.....
,

q2
0 + q2

1 − q2
2 − q2

3 2q1q2 − 2q0q3 2q1q3 + 2q0q2

2q1q2 + 2q0q3 q2
0 − q2

1 + q2
2 − q2

3 2q2q3 − 2q0q1

2q1q3 − 2q0q2 2q2q3 + 2q0q1 q2
0 − q2

1 − q2
2 + q2

3

+/////
-

. (E1)

The conversion from the space frame to the body frame is
realised by A(b)

(s) , which is simply the transposed (as well as
the inverse) of the above matrix. In the simulation algorithm,
the conversion of angular velocities in the space frame to
quaternion velocities is realized by

Bq̇
(s) =

∂q̇
∂ω(s)

=
1

2q4

*.......
,

−q1 −q2 −q3

q0 q3 −q2

−q3 q0 q1

q2 −q1 q0

+///////
-

, (E2)

with q = |q|, and the conversion of angular velocities in the
body frame to quaternion velocities is realized by

Bq̇
(b) =

∂q̇
∂ω(b)

=
1

2q4

*......
,

−q1 −q2 −q3

q0 −q3 q2

q3 q0 −q1

−q2 q1 q0

+//////
-

. (E3)

One readily shows that the latter two matrices are related by
Bq̇

(b) = Bq̇
(s)A

(s)
(b).

APPENDIX F: BROWNIAN EQUATION OF MOTION

In deriving the rigid-body equation of motion from the
generic Brownian equation of motion, see Eqs. (12) and
(19), we start by noting that the intended set of coordinates,
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Q = (xT, qT)T, includes one surplus coordinate relative to
the six coordinates needed to describe rigid body transla-
tion and rotation. One readily sees from Eq. (E1) that the
four quaternions describe rotation as well as enlargement,
A(s)

(b)(q) = q2A(s)
(b)(q/q). For pure rotations, the quaternion vec-

tor must be constrained to unit length, q = 1, throughout the
simulation. Furthermore, as noted by Ilie et al.,42 a Brown-
ian equation of motion using quaternions requires a mobil-
ity matrix that decouples enlargement from translation and
rotation. Assuming a quiescent solvent for convenience, we
construct the mobility matrix entering the generic expression
as

µQ =
*.
,

A(s)
(b) 0

0 Bq̇
(b)

+/
-

*
,

µvf µvτ

µωf µωτ
+
-

(b)

(b)

*.
,

A(s)
(b) 0

0 Bq̇
(b)

+/
-

T

, (F1)

where the central matrix on the r.h.s. is the Cartesian body-
based mobility matrix, the matrix to its left converts body-
based velocities to space-based and quaternion velocities, and
the transposed matrix to its right is dictated by the symmetry
of µQ. Since the columns of Bq̇

(b) are orthogonal to q, see
Eq. (E3), the left-most matrix in the triple product ensures that
this mobility matrix conserves the length of the quaternion
vector (in the limit of ∆t → 0). The restrictions on the use of
quaternions are therefore met.

Upon insertion of the above mobility matrix in Eq. (12),
it readily follows from

(
A(s)

(b)

)T
= A(b)

(s) that conservative forces

in the space frame, f (s)
α = −∂Φ/∂Qα = −∂Φ/∂xα with

α ∈ {1, 2, 3}, are converted to forces in the body frame before
left-multiplication with the body-based mobility matrix. The
generalized forces with respect to the four rotational coordi-
nates, f q

ρ+4 = −∂Φ/∂Qρ+4 = −∂Φ/∂qρ with ρ ∈ {0, 1, 2, 3},

are converted by
(
Bq̇

(b)

)T before left-multiplication with the
body-based mobility matrix. Using the matrices introduced in
Appendix E, it follows that

(
Bq̇

(b)

)T ∂Φ
∂q
=

(
A(s)

(b)

)T (
Bq̇

(s)

)T ∂Φ
∂q

= A(b)
(s)

∂Φ

∂q
∂q̇
∂ω(s)

= A(b)
(s)

∂Φ

∂ψ(s)
, (F2)

where the rotation vector ψ(s) collects the rotation angles
around the three space-based coordinate axes, with rates of
change ψ̇

(s)
= ω(s). The final derivative of the potential energy

with respect to ψ(s) yields minus the usual torque vector in the
space frame, τ(s). Hence, the above derivation shows that the
conservative potential enters Eqs. (12) and (19) in the same
way, with the latter form being easier to calculate. Note that
the rows of

(
Bq̇

(b)

)T are perpendicular to q; hence, conservative
forces that strive to enlarge the body, i.e., force components
∂Φ/∂q parallel to q, are eliminated by the third matrix on the
r.h.s. to Eq. (F1).

Using the above mobility matrix µQ, we next derive the
divergence term in Eq. (12). The derivative of µQ with respect
to the position x is clearly zero; hence, neither µvf nor µωf
contributes to the divergence. A straightforward but laborious
derivation, using the matrices of Appendix E and the symmetry

of µω(b)
τ(b) , yields the vector

∂
(
µQ

)
σφ

∂Qφ
=

*.
,

−
(
A(s)

(b)

)
σαεαβγ

(
µv(b)
τ(b)

)
βγ/q

4

qσ−4Tr
(
µω(b)
τ(b)

)
/
(
4q8

) +/
-
, (F3)

where the top line applies to translational coordinates, i.e.,
σ ∈ {1, 2, 3}, while the bottom line applies to rotational
coordinates, i.e., σ ∈ {4, 5, 6, 7}. Furthermore, {α, β, γ}
∈ {1, 2, 3}, φ ∈ {1, . . ., 7}, and Tr denotes the trace. The
first three elements of this vector vanish identically when the
matrix µv(b)

τ(b) is symmetric, as is the case when the mobility
matrix is evaluated relative to the hydrodynamic center of the
cluster; see Appendix G. This selection of the body-based ori-
gin is assumed in Eq. (19). The last four elements of the vector
contribute a displacement parallel to q to the rotational coor-
dinates. Since this displacement is parallel to the constraint
term λq maintaining the unit length of q, it will be elimi-
nated by the constraint—thereby removing the need to deter-
mine the contribution of the divergence term to the rotational
motion.

The metric gQ or Jacobian JQ = g1/2
Q is used to measure

the (squared) volume of elements dQ in a general coordinate
space. To determine the metric when using Cartesian coordi-
nates x and quaternions q to describe a rigid body, we switch
to the proportional mass-metric MQ = |MQ|. The latter ten-
sor relates the kinetic energy K to the generalized velocities,
which for a rigid cluster with body-based density distribution
ρ(b)(r) reads as

K =
1
2

Q̇
T

MQQ̇ =
1
2

∫ [
ẋ +

∂A(s)
(b)

∂q
q̇r

]2
ρ(b)(r)dr. (F4)

In the creeping flow limit, the mass distribution is irrelevant
for the motion of the cluster. We therefore select a density such
that the center of mass coincides with the origin of the body
frame, the three eigenvectors of the inertia tensor are parallel
to the axes of the body frame, and the three corresponding
eigenvalues are identical. This renders the mass-metric block
diagonal, combining a constant translational block with an
orientation-dependent rotational block,(

MQ

)
ρσ
∝
∂
(
A(s)

(b)

)
αβ

∂qρ−4

∂
(
A(s)

(b)

)
αβ

∂qσ−4
, (F5)

with {ρ, σ} ∈ {4, 5, 6, 7}. After some work follows

gQ ∝ MQ ∝ |q|8. (F6)

The resulting derivative of the metric entering the equation
of motion, see Eqs. (12) and (13), is parallel to q and there-
fore is eliminated by the

(
Bq̇

(b)

)T in the mobility matrix; see
Eq. (F1).

The seven coordinates Q require, following Eq. (12),
seven random displacements δQ for every time step. But
the constraint of a unit length rotation vector q introduces
a dependence that reduces the number of independent ran-
dom displacements to six. These six are conveniently sampled
in the body frame following Eq. (21), with the rotation and
conversion in Eq. (19) resulting in seven coupled random dis-
placements δQ. One readily shows that these δQ obey the
fluctuation dissipation theorem of Eq. (15), with the mobility
matrix of Eq. (F1).
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The non-cancelling terms that are retained in Eq. (19),
as well as the flow-induced alignment term in the penulti-
mate term to that equation, result in rotational displacements
perpendicular to q. The quaternion vector therefore retains
its length under infinitesimal time steps, but this length will
gradually drift from the unit value under finite time steps.
A constraint on the length is therefore included as the last
term in Eq. (19), with the Lagrange multiplier solved by
Eq. (18).

APPENDIX G: HYDRODYNAMIC CENTER

The values of the elements of the generalized mobility
matrix will depend on the reference position x and the ref-
erence orientation used in the derivations of Sec. II A. For
the Brownian dynamics simulations, it proves advantageous
to identify the reference point with the hydrodynamic center
of the cluster, i.e., the point that renders µvτ and µωf = (µvτ)T

symmetric. A shift of the reference point from x to x′ = x
+ ∆x can be achieved without elaborate recalculation of the
grand mobility matrix: by combining Eq. (10) with Eqs. (2),
(7) and (8), it can be shown that the blocks of the shifted
mobility matrix (on the l.h.s.) are related to their non-shifted
counterparts (on the r.h.s.) by

µvf (x′) = µvf + µvτε∆ − ε∆µ
ω
f − ε∆µ

ω
τ ε∆, (G1a)

µvτ(x′) = µvτ − ε∆µ
ω
τ , (G1b)

µvE(x′) = µvE − ε∆µ
ω
E + ϕ(∆x), (G1c)

µωf (x′) = µωf + µωτ ε∆, (G1d)

µSf (x′) = µSf + µSτε∆ − ψ(∆x), (G1e)

with ε∆ = ε(∆x), while the remaining four blocks are
unchanged. The shift to reach the hydrodynamic center is
solved from

∆x =
[
µωτ − Tr

(
µωτ

)
1
]−1 (ε : µvτ

)
, (G2)

with Tr denoting the trace. This equation also locates the hydro-
dynamic center of the (6×6) mobility matrix.54 Note, however,
that the (6 × 6) and (11 × 11) mobility matrices obtained
via the sequence of steps in the main text in the absence
and presence of stress and strain terms, respectively, in gen-
eral result in two distinct hydrodynamic centers for the same
body.
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