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Abstract
The absence of friction, hysteresis and backlash makes flexure-based mechanisms well-suited for high precision ma-

nipulators. However, the (inverse) kinematic relation between actuators and end-effector is far from trivial due to the

non-linear behaviour of the deforming compliant joints. In this paper we consider the kinematic modelling and calibra-

tion of a flexure-based parallel manipulator for a six degrees of freedom (DOF) mirror mount. The mount is positioned

by six arms, each of which has five joints and is driven by a linear actuator.

Three kinematic models are compared. A simple and computationally fast model that ignores pivot shift is too inaccu-

rate. A flexible multibody model can account for the non-linear deformations of the joints, but is too computationally

expensive for real-time applications. Finally, a kinematic model is derived using the Denavit–Hartenberg notation

where the pivot shift is described with a polynomial approximation. This model offers nm accuracy with a small

number of terms from a Taylor series and can be evaluated sufficiently fast.

In this way a nominal kinematic model can be derived using the (kinematic) parameters from CAD data. However, the

achievable accuracy in an experimental set-up remains inadequate. Hence a geometric calibration procedure has been

developed for the four most critical translations and rotations of the end-effector. The measurement set-up contains

two position-sensing detectors to measure these motions. The model is linearized for small errors in the parameters to

enable the use of linear regression techniques. With a least squares estimate the errors in the parameters are estimated.

The quality of the estimation is checked by combining the singular value decomposition of the (linearised) regression

matrix with cross-validation. It was found that the kinematic calibration clearly improves the accuracy of the (inverse)

kinematic model.

Keywords: kinematic model, geometric calibration, flexure-based parallel mechanisms, flexible multibody analysis,

iterative linear parameters estimation

1. Introduction
A fast six degrees of freedom (DOF) manipulator has been built to manipulate optics in in-line topography measure-

ments [1, 2]. The manipulator is a flexure-based parallel mechanism. Figure 1 shows the designed mechanism, with

and without the frame on which the actuators (numbered from 1 to 6) are mounted.

In order to successfully apply the mechanism in the optical system the movement of the actually attained pose has

to be as close as possible to the command pose. The mean differences between both poses when approaching the

command pose from the same direction is defined as the pose accuracy [3]. Differences in the attained poses for

multiple movements are described by the pose repeatability. For most manipulators the repeatability is significantly

better than the accuracy [4].

To achieve a pose in the task space the controller has to convert the desired pose to a position of the actuators. This

conversion involves all joints and makes use of an analytical or numerical (nominal) inverse kinematic model. Dif-

ferences between the nominal model and the actual realisation of the manipulator result in a decrease in accuracy. To

minimize these differences the manufacturing tolerances must be very tight or the nominal model has to be adjusted

to fit the actual model. Since the former leads to expensive manufacturing techniques or materials, the latter is mostly

used. The adjustment of the model is also known as manipulator calibration.

In most relevant literature three different types of calibration are mentioned: joint, kinematic and dynamic calibration.

The individual joint positions are measured directly with the encoders in the linear direct drive motors. Joint calibration

is therefore not necessary. The dynamic properties of the manipulator will be investigated once its kinematic relations

are clear. The focus of this paper is on the kinematic calibration, which is based on four steps [4, 5, 6, 7]:

1. Nominal kinematic model

2. Measurements
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Figure 1: Six DOF flexure-based parallel mechanism: (a) Schematic overview with the mirror mount in the origin of

the coordinate system. The six linear motors are labelled 1–6. (b) Physical implementation with housing.

3. Parameter estimation

4. Implementation

These steps are taken for the kinematic calibration for the six DOF flexure-based parallel manipulator with the objective

to reach an accuracy of 50 μm in x and y directions and 1 mrad in the rotations about the x and y axes, denoted a and b
respectively.

Kinematic modelling and calibration of six DOF parallel manipulators with rigid links and joints, like e.g. Stewart

platforms, is described in literature [6, 7, 8, 9]. The kinematic parameter estimation approach uses an identification

Jacobian. The coefficients in this Jacobian are the rates of change in the end-effector pose as functions of changes in the

error parameters. The estimation process thus uses a linearised error model of the mechanism. For this error model the

inverse kinematics of the kinematic model are used. The inverse kinematics of rigid parallel manipulators are expressed

by relatively short analytical expressions. In fact these expressions are only based on coordinate transformations.

In compliant manipulators flexure-based joints are used for increased accuracy as conventional joints suffer from back-

lash and dry friction which causes errors that are hard to predict [10]. This paper considers the numerical methods

needed to calibrate such a flexure-based manipulator. Systems that contain flexible joints cannot be described with the

methods proposed for rigid systems as the behaviour of such a joint differs significantly from the simple rotation about

a well-defined pivot. The deformation of a single leaf flexure clamped at both ends has been computed from solutions

of the elliptic integral that is obtained when describing the deformation of a thin beam [11, 12]. Also the deformation

of joints with multiple combined leaf flexures has been studied for e.g. a cross hinge, also known as cross-spring pivot

or cross-axis flexural pivot [13, 14, 15, 16]. Usually, the pivot shift of the hinge is evaluated and some papers also

address the dependency of the deformation on loads in multiple directions.

In this paper an analysis is developed in which the movement of flexible elements is described by deformation functions.

Since the flexible manipulator contains 78 flexible elements, numerical methods are unavoidable. The structure of the

remainder of this paper is based on the four steps of the kinematic calibration. In the first section after this introduction

a fast and accurate nominal kinematic model is proposed. The following section explains the measurement set-up,

sensors and corresponding resolutions. Subsequently the method for estimating unknown parameters in the nominal

model is presented. Finally the experimental results are shown followed by the discussion and conclusion.

2. Kinematic Modelling
The kinematic model describes the relation between the actuator positions and the end-effector. It is mostly used for

inverse kinematic calculations, i.e. to calculate the actuator positions for a desired pose of the end-effector. In the next

subsection the design of the manipulator is described and in the subsequent subsections multiple kinematic models are

proposed.
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2.1. Manipulator Design
Six degrees of freedom are transferred to the end-effector by flexible arms which are actuated by linear direct drive

motors with built-in encoders. The configuration of a flexure arm is shown in Figure 2. It also shows the DOF of every

joint in the arm. There are four Three Flexure Cross Hinges (TFCH) that release a rotation about an axis perpendicular

to the arm. A torsional compliant link releases a fifth DOF which is a rotation aligned with the arm. Hence, one DOF,

the longitudinal motion, is transmitted.

Figure 2: Single flexure arm in which the five arrows indicate the compliant motion of each joint: Black arrows for

four Three Flexure Cross Hinges and a white arrow for a torsional compliant link.

The kinematics of the considered system are complex, since it has many passive elastic joints. The kinematic model

should be sufficiently accurate and it also needs to be fast for the purpose of on-line path planning. In the remainder

of this section four kinematic models are proposed that will be compared in terms of accuracy and computational

speed. The first model is built with the non-linear finite element program for flexible multibody systems SPACAR [17].

The model accounts for the joint elasticity and describes the deformation shapes of all leaf flexures and the torsional

compliant part. To improve calculation time three simplified purely kinematic models are built. Their accuracy is

evaluated from a comparison with the first model that is most complete and hence provides the reference for the other

models.

2.2. Flexure-Based SPACAR Model
The idea of the flexure-based SPACAR model is to build every compliant part with flexible elements. Figure 3 shows

the configuration of one arm. The actuator, the leaf flexures in the four TFCH and the torsional compliant part are each

modelled with one flexible beam element. For this flexible beam element six deformations modes are defined that can

describe axial elongation (1 mode), torsion (1 mode) and bending (4 modes) in both directions perpendicular to the

direction of the elongation [17]. The actuator is modelled by releasing the axial elongation of the beam, while other

deformations are zero. The torsion and all bending modes are released in the two leaf flexures at the outside of every

TFCH. In the centre leaf flexure the torsion and only the out of plane bending deformations are released. Obviously,

only torsion is released in the torsional compliant part. Rigid beams are used to connect the flexible elements. The

degrees of freedom per element are chosen such that the total model is exactly constraint.

x

y

z

TFCH

Actuator

Torsional compliant part

Figure 3: SPACAR model of the manipulator arm and actuator in its local coordinate system. Flexible beam elements

model the compliant parts and are interconnected with rigid beams.

For simplicity every arm is built as a sub-model in its own coordinate system. To model the total manipulator with

six arms every arm is transformed to the global coordinate system. A rigid beam is used to connect the end of each
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arm to the centre of the mirror, which is in the neutral pose at the origin of the global coordinate system. Inertia and

stiffness properties are added to the elements. Note that the inertia properties are not needed to evaluate the stationary

deformations that describe the kinematic model.

For the inverse kinematics a trajectory is generated for the node attached to the end-effector which is initially in the

origin of the global coordinate system. At every time-step the nodal displacements and generalized deformations of

the elements are calculated. The axial elongations of the actuator beam elements represent the required actuator dis-

placement to achieve the commanded motion. The time to evaluate one end-effector pose is approximately 55 seconds.

Since the application demands on-line path planning with a response time in the order of milliseconds, this model

is not suited for that purpose. Therefore three computationally less expensive models are proposed in the following

subsections.

2.3. First Order Geometric Model
The calculation of the elastic deformations makes the SPACAR model computationally expensive. To make it less

expensive a first order geometric model is built. In this model the flexure arms are approximated as rigid links with

spherical joints at both ends and a prismatic joint in the middle. The coordinates of both end points of each link are

defined in the global coordinate system. The coordinates where the actuators are attached to the frame and where the

flexure arms are attached to the end-effector are stored in matrices BBB and PPP, respectively. The rows represent the x, y
and z coordinates and each column represents an arm. The length of arm i is calculated as

Li =
√

(p1i −b1i)2 +(p2i −b2i)2 +(p3i −b3i)2. (1)

To describe a different pose of the end-effector the coordinates in matrix PPP are changed. The components of the new

matrix PPP, denoted as ppp′i of PPP′, are constructed for arm i as

ppp′i = ttt +RRR · pppi, (2)

where ttt is the translation vector and RRR is the rotation matrix that describe the differences in the pose of the end-effector.

Substituting the coordinates of the new matrix PPP′ instead of the previous values from matrix PPP in equation (1) results

in new lengths L′
i of the links. Subtracting the initial lengths from the new lengths gives an approximation for the

elongation of each link and hence for the actuator required displacement. This formulation of the inverse kinematics is

based on the kinematics of the Stewart Platform [18, 19]. This model assumes that the rotations of the cross hinges and

the torsional compliant part are at one point and that the actuation is in the arm, which is a rather crude approximation

of the complex motion of the compliant manipulator.

This first order geometric model calculates the set-points for the actuators about 100,000 times faster than the flexure-

based model. However, the maximum difference for pure translation of the end-effector appears to be 20% in the

actuator set-points. If rotations are included the differences increase even further and it depends on the pose of the

end-effector which arm shows the largest difference. The largest difference is a result from the largest deflection in a

TFCH. The first order model cannot account for this. Therefore the difference is relatively large if a rotation of the

end-effector is performed about a rotation axis which is (nearly) parallel to rotation axis of a TFCH.

2.4. Hinges-Based SPACAR Model
The first order geometric model is relatively fast, but it is inaccurate. Therefore another, purely kinematic, SPACAR

model is built in which the TFCH are replaced by ideal hinges, see Figure 4. In this model five hinges are used to model

the rotation of the four TFCHs and the torsional compliant part in each link.

The calculation time is improved by a factor 70 compared to the flexure-based model for an inverse trajectory. This

comes from the fact that model contains no components that can deform elastically. The major difference with the

x

y

z

Figure 4: Manipulator arm model based on hinges.
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elastic model is that the pivot shift of every TFCH is not taken into account. The rotation axis of a TFCH is not fixed

as it depends on the deflection [15, 16]. This means that in this model without pivot shift the largest errors will arise

when the leaf flexures have relatively large deflections. For pure translations the maximum error in the found actuator

positions is 2.6% and including rotations this can increase to a maximum error of 7%.

2.5. Denavit–Hartenberg Models
Apart from the limited accuracy, the hinged-based SPACAR model still takes about 0.8 seconds to calculate actuator

set-points for one end-effector pose. This is too long for real-time calculations. The hinged-based model can also be

formulated using a basic Denavit–Hartenberg (D–H) model. First the basic D–H model is explained and secondly a

so-called “improved D–H” model is outlined in which the pivot shift is taken into account.

2.6. Basic D–H Model
In the D–H method coordinate frames are allocated to each link in the kinematic chain [4]. The pose of each successive

link is defined by the homogeneous transformation matrix which transforms the frame attached to link i−1 into the

frame fixed to link i. The general form of the homogeneous transformation matrix A is

AAA =

[
RRR ppp
000 1

]
, (3)

with a rotation matrix RRR and a translation vector ppp [4, 20]. This method is well-suited to model serial manipulators in

which the kinematic chain can be described by revolute and prismatic joints. For a revolute joint matrix RRR depends on

the joint rotation and for a prismatic joint vector ppp accounts for the elongation. The total transformation matrix of a

serial kinematic chain is obtained by multiplying all individual matrices. The homogeneous transformation matrix AAA
from base 0 to end-effector Eis then written as

AAAE
0 = AAA1

0AAA1AAA2
1AAA2 . . .AAAnAAAE

n , (4)

where each of the matrices AAAi
i−1 describes a joint and the matrices AAAi represent the (rigid) links in between. By using

separate matrices for links and joints, a clear description of every part in the kinematic chain is obtained.

The compliant manipulator considered in this paper is obviously a parallel mechanism, but for the inverse kinematics

each arm can be seen as an individual open serial chain for which equation (4) can be solved for a prescribed pose

of the end-effector. The parameters in each arm are one elongation of a prismatic joint r acting as actuator and five

rotations of revolute joints θ1−5 acting as four TFCH and one torsional compliant part. The parametrized arm is shown

in Figure 5.

r

l1

y0

x0

z0

θ2

θ1

l2 l3 l4 l5 l6

yE

xE

zE
θ3

θ5

θ4

Figure 5: Parameterized arm.

From AAAE
0 a set of equations is retrieved in which the parameters are a function of the end-effector pose per arm. The

translational part pppE
0 should equal the prescribed position of the end-effector of the arm, i.e.⎧⎨⎩ x

y
z

⎫⎬⎭= pppE
0 . (5)

The rotations are extracted from the rotation matrix RRRE
0 . This can be done by using Euler’s rotation theorem. First the
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Euler parameters are written as

λ0 =
1

2

√
1+ r11 + r22 + r33,

λ1 =
r32 − r23

4λ0
,

λ2 =
r13 − r31

4λ0
,

λ3 =
r21 − r12

4λ0
,

(6)

where ri j are the components of matrix RRRE
0 . Now the rotation angles a, b and c can be written as⎧⎨⎩ a

b
c

⎫⎬⎭= 2sin−1

⎧⎨⎩ λ1

λ2

λ3

⎫⎬⎭ . (7)

The result of these operations is a set of six non-linear equations (5) and (7) where each equation applies to a

translation or rotation of the end-effector. This set of equations can be written as ddd(θθθ) = 0 with parameter vector

θθθ = {r,θ1, . . . ,θ5}T . For a known pose of the end-effector of an arm the solution of these equations are the six joint

parameters r and θ1−5 of that arm. The equations are solved numerically using a Newton–Raphson scheme. The

algorithm is stated as:

θθθ j+1 = θθθ j − JJJ−1(θθθ j)ddd(θθθ j), (8)

where JJJ(θθθ) is the Jacobian matrix. Equation (8) is iterated until the error in ddd is within the tolerance. The Jacobian

matrix is calculated by taking the derivative of ddd with respect to each parameter. For getting near the correct solution

it is important that the Jacobian is not (near) singular. This can easily be checked from the absolute determinant. This

absolute determinant should be larger than some tolerance which is set to 10−16. For pure translation of the end-effector

two iterations per arm appear to be sufficient and three iterations suffice when rotations are also considered.

The calculation time is decreased by a factor 8 compared to the hinges-based SPACAR model, but the accuracy is still

the same. It is less computational expensive, because SPACAR uses a more generic approach for the position analysis.

In the D–H model the equations are set up specifically for the considered manipulator arms.

2.7. Improved D–H Model
To improve the accuracy the displacement of the pivot point of each TFCH has to be taken into account. This is

achieved by fitting the difference between an ideal hinge and a TFCH. The difference is defined for the position of a

node on the rotating link as a function of the rotation. The procedure is described for the y and z coordinates of the first

TFCH that depend on the joint rotation θ1, see Figure 6. For the other joints the same procedure is used, except that

the coordinate system is translated and rotated.

θ1

zh

yh

l θ1

zc

yc

(a) (b)

Figure 6: Deflected ideal hinge (a) and (b) Three Flexure Cross Hinge.

For an ideal hinge the coordinates yh and zh can be written as functions of rotation θ1 using trigonometric relations, i.e.

yh =
l
2

sinθ1,

zh =− l
2
(1− cosθ1),

(9)
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where the base and point (yh,zh) are both connected to the (fixed) pivot with rigid links of length l/2 as illustrated in

Figure 6(a). According to these expressions the point (yh,zh) is in the origin for θ1 = 0.

For a description of the motion of a single cross hinge the functions for the coordinates yc and zc as shown in Figure 6(b)

are fitted with a second order Taylor series expansion on the simulation data from SPACAR. The functions are valid

for angles up to 20◦, which is larger than the maximum angle of about 11◦ that is needed to reach an extreme pose

within the considered end-effector’s workspace. The coefficients of the Taylor expansion can be found by using linear

regression, giving
yc =−2.028 ·10−4 ·θ 2

1 +7.005 ·10−3 ·θ1,

zc =−1.925 ·10−3 ·θ 2
1 −3.25 ·10−6 ·θ1.

(10)

Especially for the function in z-direction the fit should be a second order function to get an accurate approximation of

the cosine. Compared to an ideal joint the errors that need to be compensated are εy(θ1) = yh − yc and εz(θ1) = zh − zc
for respectively the y and z direction. The homogeneous transformation matrix of this joint can therefore be written as

AAA1
0 =

⎡⎢⎢⎣
1 0 0 0

0 cosθ1 −sinθ1 εy(θ1)
0 sinθ1 cosθ1 εz(θ1)
0 0 0 1

⎤⎥⎥⎦ . (11)

Note that the top left 3×3 matrix in AAA1
0 is the rotation matrix for a rotation about the x-axis by an angle θ1. Also note

that the same transformation matrix can be used for the joint with parameter θ4, see Figure 5. Following the same

procedure leads to improved transformation matrices for the joints with parameters θ2 and θ5 as well and therefore to

a total improved transformation matrix AAAE
0 .

Compared to the flexure-based model the computational time is improved by a factor of about 400. The maximum

difference between the calculated set points for the actuators is 3 μm. This difference comes from the fact that the

fit functions are approximations of the bending curve of the leaf flexures compared to the fully non-linear geometric

transfer functions in SPACAR.

The first order geometric model and the improved D–H model are suitable for on-the-fly calculation of actuator set-

points with a sample frequency of respectively 1.7 kHz and 7 Hz. Note that the calculation method for the D–H model

can be optimized to improve the calculation time. Both models are independent of a finite element program. The only

time consuming aspect in the D–H model is the inversion of the 6×6 Jacobian matrix.

3. Measurement Method
The second step in the kinematic calibration procedure is to measure the output of the actual system. Measuring all

the translational and rotational DOF with sub-μm and sub-μrad resolution would be ideal, but these measurements are

hard to perform. An acceptable accuracy is obtained with a 2D lateral effect Position-Sensing Detector (PSD) which

can measure 2D translations with a best resolution of 0.75 μm depending on the signal to noise ratio [21]. A laser beam

is pointed at the sensor area which contains resistive elements that distribute the photocurrent proportionally. From this

distribution the position of the laser spot on the sensor area can be determined independently of the beam intensity or

spot shape and size. Positional errors will arise if the laser spot is on the edge of the sensor area or if there is too much

ambient light.

The measurement set-up is shown in Figure 7. The black block on the left represents the laser source which is placed

on the end-effector. Using one PSD only two translational DOF can be measured, but if a second PSD is placed at a

different distance from the end-effector also two angles can be determined. To overcome the problem that two PSDs

cannot be placed in the same light path, a beam splitter is used that reflects and transmits 50% of the laser beam. In the

figure the grey blocks, numbered 1 and 2, are respectively PSD 1 and 2 with their local coordinate system. The length

of the path from the laser source to PSD 1 is l1 = l1a + l1b and l2 is the length to PSD 2. The angles about the global x
and y axes can be calculated as

a = tan−1

(
y1 − y2

l2 − l1

)
,

b = tan−1

(
x2 + x1

l2 − l1

)
.

(12)

From these equations it becomes clear that the angular resolution depends on the difference l2 − l1. For the best reso-

lution this difference should be as large as possible, but the limitation is the maximum angle that should be measured.

For the parameter estimation it is desired to have sufficiently large excitations and a high resolution is necessary for
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Figure 7: Measurement set-up with a beam splitter and two 2D lateral effect Position-Sensing Detectors (PSD) that

jointly measure two positions (x,y) and two rotations of the laser beam originating from the left.

a reliable measurement. The beam splitter and PSD 1 are placed as close as physically possible to the end-effector to

minimize length l1. Between the beam splitter and the laser source a neutral density (ND) filter is placed to optimise

the signal to noise ratio of the PSDs. This follows from the so-called “SUM output” signal which should not exceed

the maximum value of 4 V. The SUM output values are 3.6 V and 2.7 V which result in a resolution of 0.83 μm and

1.11 μm for PSD 1 and 2 respectively. The angular resolution is chosen to be at least 35 μrad which determines the

minimum needed length l2 and maximum angular reach.

As the kinematic calibration relates actuator and end-effector motion, the actuators’ translations must also be known.

Encoders of the linear direct drive motors measure these translations with a resolution of 1.25 μm.

Furthermore, alignment and scaling errors appear in the experimental kinematic relations. From experiments with a

one DOF stage and an external micrometer it turned out that the scaling of the PSD position measurements does not

agree with the specifications. Therefore scale factors of both PSDs are determined from this separate experiment.

Errors in the relative position of the manipulator and the measurement set-up introduce six additional unknown degrees

of freedom. The manipulator, beam splitter and the two PSDs are manually aligned such that they are parallel to

the optical table on which they are mounted. This alignment concerns rotations about the x and y axes in the global

coordinate system. The same procedure is done for the manipulator and hence the relative rotations about the two axes

are close to zero. The x and y position offsets of the set-up relative to the manipulator are manually estimated and are

accounted for in the measurements afterwards.

Both lengths in the set-up are measured with a calliper and the rotation about the z-axis of each PSD is fixed by the

set-up components. This gives four inaccurately determined parameters in the set-up, which should be included in the

calibration method: Errors in the lengths Δl1, Δl2 and errors in the angles Δφz1, Δφz2 of PSD 1 and 2 respectively.

4. Parameter Estimation
The actual system contains different types of errors with respect to the nominal design. In most literature they are di-

vided in geometrical and non-geometrical errors [5, 22, 23]. Geometrical errors are inaccuracies due to manufacturing

and assembly and non-geometrical errors are caused by approximations in the nominal model. These approximations

are in the compliances, friction, temperature, gravity, etc. It is manipulator dependent which type of errors domi-

nate. Only geometrical errors are considered in this research, since it is expected that the non-geometrical errors are

significantly smaller.

4.1. Parameter Selection
The first step is to find out which parameters in the nominal kinematic model are most likely to contain errors. Secondly

the sensitivity of those errors to the end-effector pose are identified to determine which parameters need to be estimated.

The system is most sensitive to parameters that have a direct effect on the end-effector pose. Regarding the assembly

process it is most likely that the largest errors are in the pose of the actuators with respect to the frame. A sensitivity

analysis has been performed in SPACAR to find out which components of the pose have the largest influence. It was

found that the position of the frame in the local z-direction of the flexure arms, i.e. the actuation direction, has the

largest sensitivity compared to other translational and all rotational offsets.
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Hence it was attempted to eliminate the first order errors by estimating ten parameters, i.e. six Δz parameters and the

errors Δl1, Δl2, Δφz1, Δφz2 in the measurement set-up. The identifiability of these parameters will be discussed next.

4.2. Linear Regression and Least Squares Estimate
The selected parameters are stored in the vector θθθ . Since the model is non-linear, the model is linearised for small

errors in the parameters. The linearisation for systems that are described by analytical expressions contains the first

partial derivatives from the end-effector pose to the kinematic parameter. The derivatives are stored in a regression

matrix ΦΦΦ, also known as the identification Jacobian [4, 5, 6, 7, 24].

The flexible manipulator cannot be described by analytical expressions. This means that the components of ΦΦΦ cannot

be found by straightforward differentiation. Therefore numerical differentiation is used by applying small changes

in each kinematic parameter in the model. The small difference is typically in the order of the expected error. Sub-

sequently the forward kinematics is simulated to find the difference in the end-effector pose. The finite difference

components can also be seen as the sensitivity of the end-effector pose to the kinematic parameters. For d parameters

and N measurements the regression matrix is

ΦΦΦ =

⎡⎢⎢⎣
Δxxx(1)

Δθ1(1)
· · · Δxxx(1)

Δθ1(1)
...

. . .
...

Δxxx(N)
Δθ1(N) · · · Δxxx(N)

Δθ1(N)

⎤⎥⎥⎦ . (13)

Vector xxx stores the translational and rotational coordinates x, y, a and b of the end-effector pose. Because the unit of

the translation [m] differs from that of the rotations [rad], weight factors are applied to the rows of ΦΦΦ. The purpose of

the weight factors becomes clear in the next section about the estimation quality.

Since N ≥ d, the system is overdetermined. Solving the system in a least squares sense gives an unique solution for

linear regression. The general equation for linear regression, following from local linearisation, is εεε = ΦΦΦθθθ + vvv. In this

equation is vvv the noise vector and εεε contains the errors in the end-effector pose. The least squares problem minimizes

the norm of ΦΦΦθθθ − εεε . Since the noise vector is treated as unknown, the best fit of the set of parameters can be found

with θ̂θθ = ΦΦΦ†εεε in which θ̂θθ is an approximation of θθθ and ΦΦΦ† is the (Moore-Penrose) pseudo-inverse of ΦΦΦ. Since the

actual model is non-linear the linearised problem is iterated to obtain the solution of the non-linear fit.

4.3. Estimation Quality
The pseudo-inverse of ΦΦΦ can be written as ΦΦΦ† = [ΦΦΦT ΦΦΦ]−1ΦΦΦT . This means that if ΦΦΦT ΦΦΦ is near-singular the pseudo-

inverse cannot be determined accurately. Singular value decomposition (SVD) is well-suited to analyse the singular-

ity [4, 25]. The SVD decomposes the regression matrix as:

ΦΦΦ =UUUSSSVVV T , (14)

with UUU and VVV unitary matrices and SSS a diagonal matrix with the singular values of ΦΦΦ. The number of non-zero

singular values equals the rank of the matrix. In this case the rank equals the number of parameters that can be

estimated independently. The condition number is defined as the ratio between the largest and smallest singular value

and indicates the accuracy of the estimation using the regression matrix. The lower the condition number the more

accurate the parameters are estimated. However, zero (or near zero) singular values can be found which result in an

infinite (or large) condition number. It indicates rank deficiency of matrix ΦΦΦ and consequently not all parameters

can be estimated (accurately). The number of non-zero singular values specifies the number of parameters, or linear

combinations of parameters, that can be estimated. A truncated matrix SSS′ is composed from the columns and rows of SSS
with the non-zero singular values. Similarly matrices UUU ′ and VVV ′ only include these selected columns from the original

UUU and VVV . Then an updated parameter vector θ̂θθ
′

is found from these truncated matrices as

θ̂θθ
′
=VVV ′SSS′−1UUU ′T εεε. (15)

By evaluating the singular values it was found that the ten parameters defined at the end of section 4.1 could not all be

identified independently. To reduced the number of unknown parameters it was chosen to estimate only the six offsets

in the actuator positions Δz, length error Δl1 from the measurement set-up and angle Δφz2 of PSD 2. Parameter Δl2 is

eliminated as length l2 can be measured more accurately. Angle offset Δφz1 of PSD 1 is also not estimated to improve

the condition of the problem.

The inverse of a matrix becomes (near) singular if the difference in magnitudes of the components is relatively large.

Therefore weight factors are applied in the regression matrix. Besides the weight factors in the rows also weight factors
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in the seventh and eighth column, corresponding to parameter Δl1 and Δφz2, are implemented. The weight factors are

chosen such that the minimum condition number is obtained. Note that in the end the corresponding seventh and eighth

parameter must be divided by the weight factors.

Another way to check the estimation quality is performing a cross-validation. Adding more parameters always decrease

the estimation errors, because these additional parameters improve the fit for the specific noise realisation. This is also

known as over-fit and with cross-validation this effect can be detected. In the cross-validation the estimated parameters

from one set of measurement points are used in a forward analysis with a second set of measurement points. The

output contains updated nominal values which are put into the error vector of the end-effector pose. If the norm of the

error vector decreases, the estimation can be considered as useful. If the norm increases, some of the fitted parameters

(probably) describe the measurement noise and not physically meaningful.

4.4. Simulated Data
Finding deliberately applied errors in the nominal model is a validation of the proposed calibration method. Besides

the validation, poses are simulated to be sure the laser point remains on the sensor area.

The kinematic calibration is performed with set-points in the xy plane, since the translation in and rotation about the z-

axis cannot be measured. As mentioned in section 3 about the measurement set-up, the stroke of the angles is restricted

by the desired angular resolution. The range is maximised by translating to the corners of the task space and additionally

performing maximal rotations. The task space is 5× 5 mm and from simulations it turns out that the largest possible

rotation is ±45 mrad to remain on the sensor area. The total trajectory consists of the translation to four corner points

plus a rotation about the x and y axes at those points. The errors in the parameters that need to be estimated, used for

computing the regression matrix, are chosen as Δz = 100μm, Δl1 = 1 mm and Δφz2 = 8.5 mrad.

The weight factor for the translational components is 18, determined by the ratio of the set-point rotation [rad] and

translation [m]. The optimal weight factors for the components of Δl1 and Δφz2 are respectively 4 and 7. This results in

a full rank regression matrix with condition number 74. In order to find the correct parameters the least squares method

must be iterated two or three times with an updated regression matrix. The parameters are correct if the found errors in

the last iteration are within tolerance. The updated regression matrix is built using an updated kinematic model, which

is the nominal model including the estimated parameter offsets.

5. Experimental Results
In the experiments it is obvious that the errors are unknown beforehand. A way to check if the calibration converges

is to calculate the norm of the error vector. It converges if the norm approaches zero. After every iteration the norm

should become smaller.

Before extracting the estimated parameters a cross-validation is performed to check whether every singular value im-

proves the fit. The influence of taking into account different number of singular values on the norm of the error vector

is shown Figure 8. From this figure it becomes clear that the first five singular values have the largest influence on

the norm of the error. Furthermore it can be seen that the norm of the error does not decrease after adding the eighth

singular value. This singular value represents a combination of parameters Δz2, Δz4 and Δz6. The reason for the small

singular value becomes clear if the components of the eighth column of matrix VVV are used in the parameter vector in a

forward simulation. The largest value in the column is set to a rather large offset of 1000 μm and the other components
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Figure 8: The influence of the number of singular values on the norm of the error vector.
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Table 1: Errors in the translations x, y and rotations

a, b after parameter update iterations 1, 2 and 3.

It. DOF Mean [%] Highest [%]

1 x 7.7 18.8
y 8.1 20.0
a 3.4 4.1
b 8.9 10.7

2 x 1.3 2.9
y 1.6 5.3
a 3.2 6.4
b 0.9 1.1

3 x 1.3 2.9
y 1.7 3.8
a 3.0 5.0
b 0.8 1.1

Table 2: Parameter updates in iterations 1, 2 and 3.

It. Par. Value(s)

1 Δz [−247,−126,538,−113,−119,31] μm

Δl1 −4104 μm

Δφz −10.42 mrad

2 Δz [0,−7,22,24,−1,25] μm

Δl1 63 μm

Δφz −0.93 mrad

3 Δz [−1,4,−8,3,4,−2] μm

Δl1 7 μm

Δφz −0.42 mrad

are scaled in the same ratio. This gives two output vectors for the end-effector’s translation and rotation equal to⎧⎨⎩ x
y
z

⎫⎬⎭=

⎧⎨⎩ −0.007

0.003

−1.021

⎫⎬⎭ [mm] and

⎧⎨⎩ a
b
c

⎫⎬⎭=

⎧⎨⎩ 0.099

−0.018

2.582

⎫⎬⎭ [mrad]. (16)

This result shows that this singular value represents an almost pure translation in z direction combined with a relatively

small rotation about the z axis. The translation in z is not measured and therefore this parameter combination cannot

be estimated from the measurements which causes the low singular value. The result from this analysis is that for a

meaningful estimation of the parameters the eighth singular value should be omitted and the remaining parameters are

found with equation (15).

In Table 1 the errors are shown for three iterations of the parameter updates using experimental data. The third column

shows the mean error and the last column the highest error. The estimated parameter updates for these three iterations

are given in Table 2. Implementing these parameter updates in the model results in an updated kinematic model. After

every iteration the magnitudes of the estimated parameter updates are clearly lower than in the previous one. Besides,

the norm of the error decreases after every iteration. A fourth iteration does not result in further improvements. This

indicates that the fit has converged to a solution.

The least squares estimate has most effect on the relatively large errors, because the errors are squared. Hence the

translations and rotations with the highest error in the first iteration show a relatively large improvement the second

iteration. Conversely the lowest errors are not improving or become even larger. This effect can clearly be seen in

Table 1 where the mean and the highest errors in rotation a show the lowest values in the first iteration and are the

highest errors in the second iteration.

For x and y the desired accuracy is 50 μm (2%) and for a and b it is 1 mrad (2.2%). From the results in Table 1 it is

clear that this specification is not met as a larger residual error remains after the third parameter update.

6. Discussion
The experimental results show a decrease in the errors of the set-points, but the error does not converge to zero.

Additional reproducibility tests showed errors in the range of the residual error of the calibration. More specifically, in

these tests the end-effector was commanded to return to its reference pose in the origin after each move to one of the

corners of the considered working range. It was found that even though the encoders of the actuators confirm the return

to the reference pose, the outputs of the PSDs show maximum differences of approximately 20 μm, which significantly

limit the achievable accuracy of the calibration. The most likely cause for this hysteresis is backlash in the lateral

direction of the slider bearings. Besides, it appeared that the errors in y-direction are larger than in x-direction. This

explains why the errors found in y and a are relatively higher.

Furthermore, the slider bearings in the actuators restrict the dynamic performance, because of the friction in axial

direction. Currently it takes approximately ten seconds to reach the set-point, because the controller has to cope with

the stick-slip phenomenon.
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PSDs and actuator encoders with relatively higher resolutions will result in more accurate measurements. The resolu-

tion restricts the accuracy, so a higher resolution is desired.

The manipulator is not fully calibrated for all DOF, but only for the four DOF that are measured. The results show

that this leads to the inability to estimate one of the parameter combinations (8th singular value). As a result, multiple

solutions are possible in the z-direction. For an overall calibration a six DOF measurement should be performed.

Note that in this paper the emphasis has been on the measured four DOF that are of most interest for the considered

application.

Parameters that have a second order effect could be added in the least squares estimation to improve the fit. Suitable

parameters are the rotations about the local x and y axes of the mounting position of the actuators on the frame. Note

that it is possible that errors in other parameters are minimized by correcting the model with the chosen parameters.

This work presented in this paper is specifically applied for beam steering in the ADALAM project. Nevertheless,

the procedure can be applied for the kinematic calibration of other n-DOF flexure mechanisms. The fit functions that

account for the pivot shift can be applied on other types of flexure mechanism. A finite element program or similar tool

to simulate the kinematic behaviour of the compliant joints is needed to generate the data for the fit. The calibration

method makes use of standard techniques, except for the components of the regression matrix that are found by this

forward kinematic analysis of the compliant joints.

7. Conclusion
This paper considers the kinematic modelling and calibration of a flexure-based parallel mechanism. A fast and accurate

nominal model is proposed that describes the six DOF flexure-based parallel manipulator. The model is based on the

Denavit–Hartenberg method and it includes additional fit functions that describe the pivot shift of the cross flexures.

The parameters that have a first order effect on the errors in the nominal model are calibrated. Measurements show sig-

nificant improvements in the accuracy of the model. The remaining accuracy is still larger than the specified accuracy.

Further improvements could be realised by increasing the sensor resolution, removing actuator friction and estimating

more parameters.
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